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Meaning

number of elections for each country.

number of elected parliamentary members for each election.
signed network.

parliamentary network for a country and election year “date”.
n x n adjacency matrix of Geountry, date-

number of elected political parties for each election.

i-th parliamentary political party, s = 1, ..., n,.
number of seats gained by the i-th party p;, i =
“political position” of the i-th party p;, © = 1,...,n,, in a left-right axis.

weight (= amount of trust/distrust) between two parties p;, p;, respectively, i, 7 = 1,. ..

np X mp matrix of weights.

¢; X 1 vector of ones.

¢; X ¢; identity matrix.

B = ]lcz.]lg_, ¢; X ¢; matrix of ones; notation simplified to E., if j = i.
frustration index.

party-wise frustration index.

signed diagonal matrix of £1.

energy of the configuration state S.

normalized signed Laplacian.

element-wise absolute value of the normalized signed Laplacian L.
element-wise absolute value of the normalized interaction matrix H.
bifurcation parameter.

S1.1 Parliamentary network construction

1,...,ny; it holds that Y ;" ¢; = n.

e

For each country and parliamentary election listed in Supplementary Table 1.we consider an undirected
graph Geounry, dae = (V, €, A), where V (card (V) = n) is the vertex set, £ is the edge set, and A = [a,;] €
R™*" is the adjacency matrix, with a;; representing the weight of the edge (j,7) € £. Each of the n vertices



in V represents an elected Member of the Parliament (MP), and each edge in £ the relationship between two
MPs, which can be cooperative or antagonistic. A positive edge a;; > 0 means cooperation between the
i-th and j-th MPs, a negative edge a,; < 0 antagonism. All MPs of a party are always assigned the same
weights, i.e., we treat a party as a homogeneous cluster of nodes.

As shown in Fig. B in the main text, the network Geountry, dae = (V, €, A) is therefore composed of 7,
clusters, represented by the political parties, where n,, is the total number of parties which gained seats in
the parliament after the election. This implies that the adjacency matrix A, as well as all the other matrices
of interest, can be seen as a n, X n, block matrix:
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where ¢; is the number of seats gained by the i-th party, E.., = ]lcl.llfj (simplified to £, if 7 = %) is the
matrix of all 1s (1., is the vector of size ¢; having all elements equal to 1), and W = [w;;] € R™*" is the
matrix of party-party weights. Its signed entries w;; describe the interaction between MPs of the party p;
and party p;, in terms of political affinity.

In order to choose the matrix W, we consider different party grouping criteria and different weight
assignment methods. The party grouping criteria are:

1. All-against-all. All parties compete against all parties:

=1 ifi = j (p; and p; are the same party; hereafter: p; = p;)
Wi . . .
7 1<0 ifp;and p; are different parties.

Electoral coalitions are not taken into account in this case. Germany is an exception to this rule, in
that the Christian Democratic Union of Germany (CDU) and Christian Social Union in Bavaria (CSU)
are always considered as a single party.

2. Pre-electoral coalitions. Parties in pre-electoral coalitions are cooperating:

=1 ifp; =p;
wi; § >0  if parties p; and p; belong to the same coalition
< 0 if parties p; and p; do not belong to the same coalition.

Pre-electoral coalitions (explicit or implicit) are obtained from references and datasets such as (/-6),
WIKIPEDIA and the new Parline (7).

In the case of countries where double rounds of elections are common (for example in Hungary until
2010), we consider also the electoral coalitions made before the second round (so the ones made
before the first round plus the ones made between the first and second round).

We always assume that w;; = 1 and that w;; = wj;, i.e., that W (and hence A) is symmetric. In turn, this
means that Geounry, date 1 Undirected.

As for the weights themselves, we consider both the cases of unweighted (but signed) W and weighted
(and signed) . In the unweighted case, w;; € {—1, +1}, with +1 only on the diagonal (all-against-all
case). The resulting graph is complete, undirected and signed.

In the weighted case, the general philosophy is that off-diagonal weights between parties which are
not in pre-electoral coalition should be negative, small (in absolute value) for ideologically close parties
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and approaching —1 for ideologically antipodal parties. Instead, off-diagonal weights between parties in
pre-electoral coalition should be positive and close to 1 for ideologically close parties. In order to define
the matrix of weights W = [w;;], the first step consists in assigning to each political party a position in
the left-right ideological spectrum. For this, we follow two different criteria, as shown in Supplementary
Fig. 1A: (1) use data from the Manifesto Project Database, in particular the so-called rile index (8); and
(2) place the parties on a predetermined left-right grid and assign to them specific positions randomly. It is
convenient to start the description by the second approach.

2. Predetermined left-right grid with randomly assigned positions. For each country and each polit-
ical election, we consider each political party gaining seats in the Parliament and classify its political
position as one of the following: Far-Left (FL), Left to Far-Left (LFL) , Left (L), Centre-Left to Left
(CLL), Centre-Left (CL), Centre to Centre-Left (CCL), Centre (C), Centre to Centre-Right (CCR),
Centre-Right (CR), Centre-Right to Right (CRR), Right (R), Right to Far-Right (RFR), Far-Right
(FR), Big Tent (BT). Each of these labels X (except BT) occupies an ordered position gx in the in-
terval [gr, grr] = [—0.5,0.5], i.e., we have the following grid of ordered coarse-grained political
positions between FL and FR:

[QFL Gk gL g 4oL dece gc docr cr - GcrRR - GROGRFR - GFR }7 (S2)
see also Supplementary Fig. 1B.

We assume that the left-right scale is symmetric around the central position gc = 0. The specific values
of gcer» Qcrs GerRR» R, Grer are chosen randomly, sorting 5 values drawn from a uniform probability
distribution in the interval [0, 0.5]. The values of gigr, qr, gcLL, ¢cL and gecp are then obtained by
symmetry, see Supplementary Fig. 1B. Big tent parties do not fit into such a left-right grid, because
they tend to attract voters from the entire ideological spectrum. Examples of big tent parties are the
Italian party Movimento 5 Stelle (5 Star Movement), in the 2018 elections. Consequently, the distance
dgr between a big tent party and any other party must not be “too small” nor “too big” compared with
all the possible differences |g,, — qu] for all non big tent parties p; and p;: dgr is then chosen as the
median of the differences, taken in absolute value, between all possible combinations of the pairwise
distances of the positions ggr, . . . , Grr,

dgr = median{|gr. — qurels (g — ails - - -5 [grL — @er), - - - [RER — GER] - (S3)
With these conventions we can proceed to assigning numerical values to the weights.

Since we take into account also pre-electoral coalitions, we need to assign weights that are positive to

parties in the same coalition. The weights w;;, 7,7 = 1,...,n,, are then chosen with the following
rule:

17 Di = p]

(same party)
1
coal(p;,p;) — = - min — ; Oy, = (.
(Piopi) =5 {C’CCR’MFR}MX av|  pi # pjs Gy = G,
s.L gx#qy (different parties, but placed on the same position)
coal(pi, pj) — |dp;, — Gy, |, Pi # Dj» Qp; 7 p;> Pi and p; not big tent

(different parties on different positions,
none is big tent)

coal(p;, p;) — der, Pi 7 Djs Gp; # p;» Di OF p; big tent
(different parties on different positions,

L one of them is big tent)

(§4)



The function coal(p;, p;) is equal to 1 if p; and p; are in electoral coalition, 0 otherwise. Notice that
when two parties p; and p; are not in electoral coalition but are located in the same position (i.e.,

Ip; = Gp,), then we still assume that the w;; weight is negative, but small (equal to half the least
nonzero difference between any two parties). The weights are kept constant throughout the party
history.

To study how different choices of the values ¢x can influence our analysis, we decided to consider
10000 different vectors of random values for each country, retaining the best value (i.e., the value that
leads to the highest correlation between frustration and negotiation days, see below for more details).

1. Rile index from Manifesto Project Database. For each country and parliamentary election, the
Manifesto Project Database (9) collects information on the electoral manifestos of the parties. The
index denoted rile (8) summarizes their ideology according to various criteria (e.g., its position on
economy, military, international relations, education, welfare, etc.). The political position of party p; is
given by the rile value of the party, properly rescaled to fit our [—0.5, 0.5] normalization: ¢, = rile(p;).
In case of missing rile for a party p;, its position g,, is determined using the method discussed above,
only considering a vector (S2) which is equispaced in [—0.5, 0.5] (i..e, the random assignment to the
qx value is skipped). The weight matrix W is then given by the formula (S4).

In the paper we consider three different combinations of edge weight assignments and party grouping meth-
ods listed in Fig. 1 A in the main text.

S1.2 Structural balance and frustration for signed networks

Consider a signed, undirected, simple and connected network G = (V, £, A). The normalized signed Lapla-
cian of G is defined as £ = I — A™'A where A = diag{0y,...,d,} has elements 6; = Y7 ,|a;;| > 0,
1=1,...,n.

A signed network is structurally balanced if all its cycles are positive, i.e., if each cycle contains an even
number of negative edges: in a social network context, every length-3 signed cycle of a structurally balanced
network describes one of the following concepts: “the friend of my friend is my friend”, “the enemy of my
friend is my enemy”, “the friend of my enemy is my enemy”, “the enemy of my enemy is my friend”,
see (/0) for more details. The notion of structural balance captures the idea that it is possible to split a graph
into two subgraphs such that all edges on each subgraph are positive, while all edges through the cut set
that splits the graph are negative. In our parliamentary network it could represent a two-party parliament or,
in the electoral coalition scenario, a parliament split into two coalitions. Equivalent conditions to structural
balance are (i) A;(£) = 0, and (ii) there exists a signature matrix S = diag{sy,..., s, }, with s; = 1, such
that SLS has all nonpositive off-diagonal entries (/7). It follows that a network G is structurally unbalanced
if and only if A;(£) > 0.

When a network is not structurally balanced, it is of interest to understand how “far” it is from a struc-
turally balanced state. One idea is to use A\; (L) (the so-called “algebraic conflict” (12, 13)), which is strictly
positive for structurally unbalanced networks, to measure such a distance; however, in the literature an-
other standard measure, called frustration index, is more frequently adopted (10, 14, 15). It is defined as
the minimum (weighted, if G is a weighted graph) sum of the positive edges over all signature similarity
transformations of £, SLS, with S signature matrix (/6):

. Zi,j;éi[|£| + SﬁS]ij
€= min .

S:diag{slv---ﬁn} 2

Si=

(85)



The computation of ¢ constitutes a NP-hard problem: however, the intuition is that A, (£) approximates well
(up to a scaling factor) the value of the frustration index, and in particular that \; (L) grows linearly with
€ (16). Hence, they can both be used to measure the structural imbalance of a signed network.

The frustration index, as defined in (S5), is also the minimum of a weighted energy functional over all
possible signature matrices S. This terminology is inherited from Statistical Physics, where a (unweighted)
signed graph is interpretable as an Ising spin glass, and the various spin configurations (“spin up” and “spin
down” at the nodes) determine the energy of the spin glass. The least energy that can be achieved by any
configuration (called the ground state) corresponds to the frustration index (S5). The definition of energy
functional introduced in (/0) for this purpose can be adapted to networks that are weighted. The weighted
energy functional can be defined as follows,

> i (Rijl = hizsis;)
2 Y
where S is a signature matrix, S = diag{sy,...,s,} with s; = £1V ¢, and H = [h;;] = A7'A is the

normalized adjacency matrix. Notice that e(S) = e(—S5). Notice further that by definition of normalized
signed Laplacian, it follows that

e(S) = (S6)

2 2 :

Hence, the weighted frustration index is the minimum of the weighted energy functional over all possible
signature matrices S (i.e., again, the ground state):

€= min e(9).
S=diag{s1,...,Sn}
s;=+1
As described above, each network Geouniry, daie €an be partitioned into n,, clusters (the political parties),
with n,, being the number of parties involved and gaining seats in the elections, making the adjacency matrix
A any x n, blocks matrix. Under the assumption that all MPs of a party follow loyally and unanimously the
designated party line, the definition of frustration index given in (S5) can be specialized to a party-wise (or
cluster-wise) frustration index, consisting of the minimum of all the energy functionals given by (S6) over
all block diagonal signature matrices .S:
© sl s,y o7
Si=s;i-le;, si=%1
where ¢;, © = 1,...,n,, is the number of seats gained by the party p; at the election. The difference with
(S5) is that now the signature matrix .S is a block diagonal matrix (with 7, blocks): only the relationships
between different parties, and not the ones between single MPs, are taken into account. Computing (S7) is
much faster than computing (S5). In fact, all energy levels of our parliamentary networks can be exhaustively
explored in a systematic way. The resulting energy landscape can be represented as histograms, having in
the leftmost point the ground state energy. See Supplementary Fig. 3 for the 29 countries of Supplementary
Table 1 in one of the scenarios discussed in the paper (scenario I).

S1.3 Dynamical model of decision-making in presence of frustration

LetG = (V, &, A) be a signed network whose node set ) represents a community of agents. To represent a
process of decision-making for these agents, we consider the following nonlinear interconnected dynamical
model, previously used in (/7-19),

T =—-Ar+71AY(z), xeR", (S8)

5



where the state vector x € R” represents the decisions of the agents and A € R"*" is the adjacency matrix
of the network G. Each element of the diagonal matrix A = {d,...,0,} is given by §; = > "
1,...,n, while 7 is a scalar positive parameter representing the “social effort” or strength of the commitment
among the agents. ¢(z) = [¢1(z1) ... ¢, (z,)]T are sigmoidal nonlinear functions. We assume that each
function ;(z;) : R — R is monotone, i.e., gw (z;) > 0 Va; € R, with unit slope at the origin, % 9%i (O) =1,
and saturated behavior: lim,, 1., ¥;(z;) = +1. From previous works, such as (16, 19), we know that the
existence of equilibrium points is determined by the social effort parameter m: when m < 7 the origin is
the unique (and globally asymptotically stable) equilibrium point of the system (S8). When m = m; the
system (S8) undergoes a pitchfork bifurcation (i.e., the number of equilibria “jumps” from one to three) and
for m > m; two alternative equilibrium points x* and —z* appear, which are locally asymptotically stable,
while the origin becomes unstable. Finally, when m = w5 the system (S8) undergoes a second pitchfork
bifurcation and for m > m, it admits multiple equilibria. In the context of social networks, where each
equilibrium point corresponds to a possible decision made by the agents, the behavior of the system can
be interpreted as follows: when m < m; the social effort of the agents is not enough to reach a nontrivial
decision. When 7 grows past the first threshold value 7, the higher strength of commitment among the
agents leads to two possible alternative decisions. Finally, when m > m, the “overcommitment” of the
agents leads to a situation in which multiple decisions are possible. We are interested in the case when 7
belongs to the interval [0, 7], since the agents have to choose among no nontrivial decision (in [0, 7 ]) and
among two alternative nontrivial decisions (in [y, m)).

The threshold values m; and 7, are functions of the two smallest eigenvalues of the normalized signed
Laplacian of the network, £ = [ — A7'A: 7 = #AL) and T, = #z(ﬁ) Moreover, at 7 = m; the
nontrivial equilibria +2* appear on span{v;(£)}, where v (L) is the eigenvector relative to A1 (L), see (16).
The values of \;(£) and A\2(L) depend not only on the network structure but also on its signature: as
explained in Section S1.2, A;(£) = 0, and consequently 7 is fixed and constant to m; = 1, if and only
if the network G is structurally balanced. When this is not the case, A\;(£) grows with the frustration of
the network, implying that also 7; increases. This means that networks which are structurally unbalanced
need a higher social effort (7;) from the agents in order to converge to a nontrivial decision. Regarding -,
its value depends on Ay(L), which is the algebraic connectivity of the network in the structurally balanced
case. If the network is structurally unbalanced, unlike \;(L£), A2(£) remains nearly independent from the
frustration of the network, i.e., even if € grows, Ao(L£) remains almost constant. This means that the interval
[71, 2] in which nontrivial decisions appear for the social effort parameter 7 shrinks as the frustration of the
network e increases. These results, shown in (/6), can be summarized as follows:

1 = 1fixed, if G is structurally balanced (S9a)
T = ——— %
T M (L) | grows with the frustration ¢, if G is structurally unbalanced
1 depends on the algebraic connectivity of G, if G is structurally balanced (SOb)
Ty — —————
2T - A2(L) | independent from the frustration e, if G is structurally unbalanced

As introduced in Section S1.1, each network Geountry,dae COnsidered in this work is composed of n,
clusters, where n,, is the total number of parliamentary political parties. Nonetheless, we still expect a
behavior similar to the one described in equation (S9) for the first threshold value 7; also for the party-wise
frustration of the network, whose definition was given in (S7).

This can be shown with a numerical example, where we consider a network G = (V, &, A) with n =

card (V) = 500 individuals and n, clusters, representing an all-against-all scenario (scenario I), whose
adjacency matrix A is hence a n, x n, block matrix described by (S1), where w;; = 1 foralli =1,...,n,
and w;; = —1forall 7,7 = 1,...,n, and j # i. We decided to vary the number of parties and, for each



ny, to consider 1000 (unique) randomly selected vectors [ci, ..., ¢, ] s.t. ¢; € [1,n] and ;") ¢; = n, where
c; 1s the size of each party, i = 1,...,n,. Supplementary Figure 4 shows the results for n, = 3,4, ..., 20.
Supplementary Figure 4A illustrates how factors such as the number of political parties and the size of each
party ¢ (c;) influence the frustration: an increase in the number of parties (n,, left panel) or a decrease in
the maximum number of MPs per party (max; ¢;, right panel) both lead to an increase in the frustration
in average, although the variance is extremely large. Instead, Supplementary Fig. 4B shows that as the
frustration of the network increases so does the threshold value 7. As a consequence, a higher social effort
will be required from the agents to achieve a nontrivial decision.

S2 Application: from parliamentary networks to government forma-
tion
For a given country and general election, we aim to use our parliamentary networks to predict:
1. The duration of the negotiation phase that leads to the formation of a post-electoral cabinet.
2. The composition of the governmental coalition that sustains such a successful post-electoral cabinet.

In both cases we are interested only in the cabinet that is being formed immediately after a general election.
Inter-election government formation processes are often following different rules, see (20, 21).

S2.1 Frustration vs government negotiation days

We are interested in the possible correlation between the frustration of each network Geouniry, dae» measured
by (¢ (formula (S7)), and the numbers of days between the election date and the date the government is
sworn in. The rationale behind this is that when no clear majority has emerged from the electoral ballot,
there is uncertainty in the composition of the candidate cabinet, and the political parties require more time
in order to overcome their differences and tensions if they want to establish coalitions which can ensure a
majority in the Parliament. Mathematically, the link between the two properties is given by the dynamical
model described in Section S1.3. Lack of a clear electoral winner corresponds to a parliamentary network
with high frustration index (.

In our model (S8), a high frustration raises the value of the bifurcation point 71, meaning that achieving
a nontrivial decision (i.e., giving a confidence vote to a government) requires a high “social effort”, here
interpreted as duration of the negotiation process among the parties. A graphical representation can be seen
in Fig. 1C of the paper.

To check if this hypothesis is valid for our data, we compute the Pearson correlation (r) between ¢ and
the number of days between the general election and the date the government is sworn in. The higher the
value for 7 (which ranges between —1 and 1), the “stronger” the evidence that frustration indeed influences
the dynamics of the government formation process. The resulting values are shown in Fig. 2A of the main
text.

S2.2 Minimum energy government coalition

For each parliamentary network Geounuy,aae = (V, €, A), the energy landscape is obtained by computing
the energies in all the 2™ possible block signature matrices S = diag{S1, ..., Sy, }, with §; = s, - I, and



s; = =1 V1. The party-wise frustration index is the minimum of such energies, as computed in (S7). Denote

Sbest =arg msin 6(8)

@) Y a> Y o (S10)

i s;=+1 i 8,=—1

the block diagonal signature matrix (with more diagonal elements equal to +1 than —1) which gives the
minimum of the energy functional, i.e., ( = €(Shesr). Consequently, —She is a block diagonal signature
matrix with more diagonal elements equal to —1 than +1; observe that (—Spest) = €(Shest) = (. In the
paper, Spes 1 associated with “success” of a confidence vote to form a government cabinet, and — Spes to
“failure”. Such ground state can in general be degenerate (that is, several pairs 4 Sy may give the same
frustration index ().

Let Spest = diag{sipest - Leys - - - Snp.pest - Icnp}. The two party sets {p; : Sipesst = +1} and {p; : S; pest =

—1}, where p; is the i-th party, form a minimum energy partition of the set P = {p;, ¢ = 1,...,n,}
corresponding to (the positive and negative diagonal elements of) the block diagonal signature matrix Speg.
For the case of “success” (the vast majority of our data), the intuition is that the set Py := {p; €

P i Sipess = +1}, which corresponds to a majority coalition of parties, should contain the possible new
government coalition, plus the parties that support it in parliament without officially participating to it. In
other words, Py should be a superset of the set Pyoy = {p; € P : p; € gov}, i.e., the post-electoral cabinet
that actually took place.

Let Sgoy = diag{s1 gov* I, - - -, Srip,gov * Icnp} be a block diagonal signature matrix whose elements s; 4oy,
©=1,...,n,, are defined as follows,

+1, pl E Pg()v
Si,gov =
_17 Di ¢ Pgov-
To evaluate how our predictions (Syes) reflect the actually formed government, we introduce the following

indexes:
card (Prest N Peov)

Peov = card (Pgov) (ST1)
_ e(Seor) = ¢
Ngov = 1 — maxg 6(5) _ ( (SIZ)

The closer the value of pyy s to 1, the better our estimate represents the actual cabinet composition. g0y
represents instead how close “energetically” our guess (i.e., {) is to the true government energy e(Seoy). In
(S12), e(.S) and ( are given by (S6) and (S7) respectively, e( S,y ) is the energy in correspondence of Sy, and
S'ine(S) is used as in (S7) to indicate a signature matrix with n;, blocks, i.e., S = diag{s1-Lc,, ..., Sn, I¢, }
s; = +1Vi.

As already mentioned, several + Sy may give the same frustration index ( (i.e., the ground state is
degenerate). Moreover, among those, there might exist signature matrices She determining party sets
{pi € P: Sivesx = +1} and {p; € P : sipess = —1} with equal total number of seats, Zi:‘%’m: 411G =
> siseq——1Ci = 5 (equality holds in (S 10)(i7)). We consider the latter as inconclusive cases, meaning that
our analysis is not able to identify the possible government. More specifically, these issues are handled as
follows.

(i) In presence of multiple Spey and multiple valid values for p,,,, we consider the signature matrix Speg
giving maximum possible value for pgoy .



(ii) In presence of multiple Spey all representing inconclusive cases for the analysis, we define S, =

diag{s) pest = Le1s- - - s’np’best Icnp} as the signature matrix giving minimum possible energy while

satisfying a “non-inconclusive” condition, ZZ s 1 Ci > Zl & __1Cj thatis
© “d,best™ © “d,best™
/ .
Sbest =arg msln 6(5)
s.t. (z) S =diag{sile,,...,sp,1c, }, si =%l

Z i > Z ci. (S13)

Then, Poest := {pi € P & 8} pese = +1}. If S is degenerate, we follow point (i).

Supplementary Fig. 8 illustrates how often degenerate or inconclusive cases occur in scenario 1.

S2.3 Frustration vs smallest eigenvalue of the normalized signed Laplacian

Our analysis is based on two observations. The first, already mentioned in Sect. S1.3, is a well-studied
fact from the literature (12, 13, 16), namely that the smallest eigenvalue of the normalized signed Laplacian
(A1 (L)) grows linearly with the frustration of the network (¢). The second is that there is a high overlap
between the signature of the eigenvector relative to A;(£) (v1(£)) and the signature matrix corresponding

to the ground state, which we denote Spey, = diag{si/.,,. .., snpfcnp}, s; = £1 (S10). Notice that since the
adjacency matrix of a parliamentary network is a block matrix, see (S1), then v;(L£) is also a block vector,
’Ul(/;) [Ul 1]1 U1 2]1T oo U np]lT }

To check if the ﬁrst hypothesis flOldS for our data, we calculate the Pearson correlation between the
smallest eigenvalue of the normalized signed Laplacian, \;(L£), and the frustration of the parliamentary
networks, (. To check if the second assumption is satisfied, we calculate the overlap between =+ Spe and the
signature of vy (L), defined as

% Overlap — max <1 . HSlgl’l (Ul([’)) - SbestH1 1 — HSlgl’l (U1<£)) + Sbest”l) . 100

)
n n

~ max (1 D cilsign (v1,) — i - Doiny cilsign (vi4) + 3i|) 100, (S14)
n n
where n = 1" ¢; is the total number of MPs and || - ||; indicates the 1-norm.

The average values of correlation between \; (L) and the frustration of the parliamentary networks ¢,
and the average overlap (S14) between Shey and the signature of v1 (L) (the eigenvector related to A (L))
are reported in Supplementary Table 2 for each scenario (I, II, IIT).

S2.4 Frustration vs fractionalization index

As shown in previous studies such as (20, 22) (and as intuitively clear), parliamentary fragmentation is one
of the main factors influencing the duration of the government negotiation process. Such fragmentation is
often measured in terms of the Laakso-Taagepera effective number of parties (23), or in terms of the strictly
related fractionalization index (24). In this section we investigate (analytically) how the frustration of the
signed parliamentary networks (of scenario I) is related to the fractionalization index (which carries the
same information of the effective number of parties).



The effective number of parties (denoted NVs) is defined (see (23)) as the inverse of the sum of squares
of the shares of seats of each party,

1 n?

N, = = — (S15)

2221 (%)2 2.ith cf’
where c; is the size of the i-th party, n, is the total number of parties and n is the total number of MPs, while
the fractionalization index (denoted F') is defined (see (24))as F' =1 — N%

To compare the frustration of the signed networks to these indexes, we first need to rewrite the expres-
sion of the weighted energy functional e(S), see (S6), by taking into consideration that the parliamentary
networks, as introduced in Section S1.1 and represented by Geountry,dates Can be partitioned in n, clusters
(corresponding to the political parties), each of size ¢; (¢ = 1,...,n,). Indeed, this means that the adja-
cency matrix A (see (S1)) and the diagonal matrix A = diag{|A|1} (introduced in Section S1.2) are block
matrices. In particular, A = diag{d,/.,,...,0, pIcnp} where each block 6,1, satisfies

(6:Le ) e, = > |AijlLe, = |wi|Bee Lo, + (Be, = I )L, = (D _|wijle; = 1)1, i€Z  (S16)
jez jez jez
J#i
where Z = {1,...,n,}. Then the weighted energy functional e(S), where S = diag{sil.,, ..., sn,1c, }
with s; = +1 V1, can be rewritten as follows:

1 1 C
ij€T "

where w;; 1s the weight between the i-th and j-th party.
In scenario I all party-party weights are negative and equal to —1 (w;; = —1 for all j # 7), which implies

that 9; = n — 1 for all 7 € Z and that (S17) becomes

1 1
“8) =gy 2 culltss)= =g >, o
i,j€L, j#i i,j€L, j#i
s.t. 835;>0
LetC, ={ie€Z:s;=+1}andC_ = {i €I: s; =—1} be the two node subsets defined by a signature
matrix S = diag{s1/.,, ..., snplcnp}, and let ne, = Zi€C+ ciandne_ =3, . c;. Notice that C, NC_ =0
and that nc, + nec_ = n. Then, the calculation of the frustration of a signed parliamentary network in
scenario I reduces to

1
(= T i D g CiCj
n—1 diag{si,sny}

si:ilnp ’L,]EI,]?EZ

s.t. 535;>0
1 . L
= - 1min C;C; C;C;
n—1 c.c1 Zﬂ > o
7/7.76C+7]¢Z 7’7‘761\64’7]#1
So(an(X e 3 oas) -3
= . min C;Cj CiCi | — C;
n — 1 C.CT (i} 1] 7
1,j€Cy 1,J€I\C+ i€l
= L - | min (n2 + (n—ne,) E c
n—1 \cicz\ % +
€L
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—_———
:171\%:}7

Equation (S18) shows that the frustration of the signed networks of scenario I is proportional to the differ-
ence between the fractionalization index /' and a term which is related to the size of the minimum winning
coalition. To obtain some insight on the frustration of scenario I (and in particular on the first term of equa-
tion (S18)), let Ppes be the solution of the minimization - or, maximization, depending on the sign - problem

in (S18) (see also Section S2.2) and np,,, = § + Epeq Where Eiey € [0, 5] is the number of seats in excess
(with respect to 50% of the total number of seats). Then the frustration (up to a constant multiplicative term)
can be written as: )
n—1 1 1 Ebest
. = F —— — ) S19
¢ n? ~~ 2 * 2 (n/ 2> (519)

fractionalization index
“distance” of Ppest from 50%

In conclusion, equation (S19) shows that the frustration of the signed parliamentary networks of scenario

I is proportional to the frustration index F' and to the “distance” of the the majority Py (in correspondence

of minimum winning coalition Spe) to 50% of the total number of seats. Supplementary Figure 9 shows the

linear regression plots between the fractionalization index and the frustration of the parliamentary networks

for each country and election. The average value of correlation is 0.99 (see Fig. 2D in the main manuscript).

Moreover, Supplementary Fig. 9 shows that countries with a lower value of correlation (such as Albania,

North Macedonia, Moldova, UK) are characterized by minimum winning coalitions Sy With higher excess
of seats Fieg.

S2.5 Description of the results

A summary of the results obtained for all the scenarios mentioned in Fig. 1A of the paper, in terms of
correlation between duration of government negotiations and frustration, indexes evaluating how good our
estimates of the cabinet composition are, and correlation between fractionalization index and frustration is
given in Fig. 2 in the main text.

For scenario I, the number of government negotiation days and the frustration for each country are
shown in Supplementary Fig. 2 panel A and B, respectively. The percentages of correct government predic-
tions, in terms of pgoy and 74y, are given in Supplementary Fig. 2C and S2D, respectively. Supplementary
Fig. 3 shows the energy functionals for each country and election year; the red line represents the energy
corresponding to the government coalition, e(Sgoy ).

Regression plots (see Section S2.6 for more details on the linear regression analysis) between the gov-
ernment negotiation days and the frustration of the parliamentary networks with the corresponding values of
correlation are shown in Fig. 3 (in the main text), Supplementary Fig. 5 and Supplementary Fig. 6, respec-
tively for scenario I, II and IIL.

The correlation 7couniry computed for each country and scenario, between the duration of coalition ne-
gotiations and the party-wise frustration of the network, is given in Fig. 2A in the main text: overall, the
values of correlation for all scenarios are positive and above 0.4 with few exceptions which often admit a
clear explanation and will be discussed in Section S2.7. In scenario IIT we consider 10000 different values
for the political positions (fixed in time: the same for all elections) in the left-right scale, as explained in
Section S1.1: for each country, the “optimal” choice of positions is identified as the one giving the best
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value of correlation, depicted in Supplementary Fig. 1C with a blue circle. This value is then used in Fig. 2
(scenario III) and Supplementary Fig. 6. As can be seen in Supplementary Fig. 1C, the positions we assign
to the left-right grid significantly affect the correlation, hence the optimal 7.qunry may be far from the average
of the correlations obtained for each country. This could also explain why the results obtained in scenario
II are worse, in terms of correlation, than the ones obtained in scenario I, where the networks we consider
are unweighted.

S2.6 Influential points of the regression are important

Consider the “frustration vs. days” regression plots for a country (depicted in Fig. 3 in the main text, Supple-
mentary Fig. 5 and Supplementary Fig. 6 for scenarios I, IT and III), and let x4, and Y4 be, respectively,
the party-wise frustration of the network Geouniry, dae and the duration of coalition negotiations after the elec-
tion specified by “date”. We say that a point (Zgye, Ydare) i an outlier for that country if the value of ygye
does not follow the linear regression line, meaning that this value is unusual given z4,.. Instead, it is a high
leverage point if it has “extreme” x4, value, i.e., this value is unusual given yg,. Finally, we say that the
point is influential if it influences the slope of the regression line. See (25, 26) for a detailed explanation
of outliers, high leverage and influential points. Tests such as residuals, leverage and delete-1 statistics are
used to identify the possible outliers, high leverage and influential points. In practice, given the linear regres-
sion model, outliers are observations whose studentized (also denoted externally studentized or studentized
deleted) residuals are greater than 3 in absolute value and whose standardized (or internally studentized)
residuals are greater than 2 in absolute value. Observations whose leverage statistics have values greater
than %, where p = 2 is the number of regression coefficients and N is the total number of observations (in
this case the number of elections considered for each country), are identified as high leverage. Finally, ob-
servations whose Cook’s distance is greater than three times the average Cook’s distance, and whose Dffits
(Difference in fits) values are greater than 2\/z , are identified as influential points.

We are particularly interested in observations marked as outliers and as both high leverage and influen-
tial, because they often represent unexpected events or difficult situations, in terms of either frustration or
government negotiation duration, or both. In the vast majority of cases indeed they correspond to both high
frustration and long negotiation times.

S2.7 A brief discussion on national rules and traditions influencing the duration of
the government negotiation talks

It is beyond the scope of this paper to make a thorough analysis of the additional factors influencing the
duration of coalition negotiations, and we refer the reader to (27-30). However, to shed some light on the
systematic differences in the government negotiation times across the various countries (see Supplementary
Fig. 2A), it is worth mentioning that the countries characterized by “negative” parliamentarism tend to have
short cabinet formation processes. We say that a certain country has “negative” parliamentarism if the
government (in order to rule) does not need to win a vote of confidence in the Parliament (as in the UK), or
if the majority of the parties does not vote against it in the Parliament (as in Sweden), while it has “positive”
parliamentarism otherwise (30). The presence of minority governments and, most importantly, average short
government formation processes is related to countries having “negative” parliamentarism: for instance
Denmark, Finland, Iceland, Norway, Sweden and United Kingdom, see (20, 28, 30) and Supplementary
Fig. 7B.

In other countries the duration of the negotiation period is defined (and limited) by the constitution. It is
worth observing that Estonia and Greece, two of the three countries showing a negative correlation between
frustration and negotiation days in our scenario I and II, are among them. In Estonia, according to Article
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89 of the Constitution, a limited time is given to the candidate Prime Minister to form a new Government:
the President has 14 days to appoint a candidate Prime Minister, who in turn has to win a confidence vote in
not more than 24 days. In case of failure the President can nominate (within 7 days) another candidate and
the procedure repeats. Again, in case of failure, the Parliament nominates a candidate who has 14 days to
win a vote of confidence. For Greece, as Article 37 of the Constitution states, the leader of the party with
relative majority receiving from the President of the Republic the task to form a coalition (that has to enjoy
the confidence of the Parliament) has 3 days to succeed. In case of failure, the task is given to the leader of
the second, and then third, largest party in the Parliament. If all the rounds of government negotiations fail
new elections are called.

S2.8 A brief discussion on elections resulting in a hung parliament

It is interesting to describe in some detail some cases of hung parliament mentioned in the main manuscript,
whose corresponding data points in Fig. 3 (for scenario I, Supplementary Fig. 5 and 6 for scenarios II and
III) are both influential and high leverage points.

The 2006 Czech election saw a perfect partition of the parliament into parties of the left, Czech Social
Democratic Party (CSSD) and Communist Party of Bohemia and Moravia (KSCM) (that together won 100
of the 200 seats), and centre-right parties, Civic Democratic Party (ODS), Green Party (SZ) and Christian
and Democratic Union - Czechoslovak People’s Party (KSU-CSL) (that collectively won the other 100
seats) (37). In our framework, a parliament split into two identical halves represents a degenerate situation
which escapes classification: the frustration can be very low but no majority exists. Indeed in our method
the partition mentioned above corresponds to the ground state, i.e., our Sy consists of exactly 50% of +
and 50% of —. The duration of the negotiation process cannot be predicted in degenerate cases like this
because the two “real-life” equal size factions are also matching ideological polarization.

The 2016 and 2020 elections in Ireland, unlike the previous elections, resulted in no clear majority (or
possible government coalition) and produced instead the most fragmented Dails in history (which explains
the higher levels of frustration): the number of parties in the parliament increased to 12 (from an average
of 8 in the previous elections) and, while in the previous elections the percent distance between the first
two parties (i.e., difference between their shares of seats in the parliament) had been at least of 19%, in the
following elections it decreased, with the two biggest parties differing by as little as 3.2% in 2016 and 2.3%
in 2020. However, differently from the 2016 election, in the 2020 election three parties (Fianna Fail, Sinn
Féin, Fine Gael) won roughly the same number of seats, which is reflected in a fractionalization index (or
effective number of parties, see (S15)) for the 2020 election higher than the one for the 2016 election: this
meant that, for the first time, at least three parties were needed to form a majority coalition (32). After the
2016 election, most of the parties did not want to participate in the government coalition and after 70 days
of negotiations a “confidence and supply” deal was signed between Fine Gael and Fianna Fail, with Fianna
Fail abstaining from voting against Fine Gael (33), while after the 2020 election, both Fine Gael and Fianna
Fail did not want to collaborate with Sinn Féin and decided instead to form a grand coalition with the Green
Party.

In Spain, after the 2015 general election no agreement was reached between the parties before the dead-
line imposed by the Article 99 of the Spanish constitution (corresponding to two months from the first vote
for investiture). A snap election was then called in June 2016 and after 131 days the Rajoy II government,
composed by members of the People’s Party (PP) and independents, was sworn in. Single-party (minority)
governments have always been common in Spain, however these elections saw a change from a nearly two-
party system, i.e., majority of votes won by two parties, PP and Spanish Socialist Workers’ Party (PSOE),
to an effectively multi-party system (34) which increased the complexity of the cabinet formation process.
Similarly, the government negotiations failed after the April 2019 legislative election, and the King had to
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call new elections in November 2019, which gives us a second “failure point” for Spain.

In 2017 in Germany 171 days passed from the election date before the Merkel IV cabinet was sworn in.
Neither of the possible coalitions, Christian Democratic Union/Christian Social Union in Bavaria (CDU/CSU)
and Free Democratic Party (FDP) or Social Democratic Party (SPD) and The Greens (GRUNE), obtained a
majority of seats in the parliament, while a new party, the far-right Alternative for Germany (AfD), managed
to enter the parliament for the first time (35). Since none of the parties wanted to collaborate with AfD, a
compromise between parties with different ideological views had to be found: after a failed attempt to form
a “Jamaica Coalition” (CDU/CSU, GRUNE and FDP) the new government comprised a grand coalition
between CDU/CSU and SPD.

S2.9 A brief discussion on elections where the government negotiations failed

In our analysis of government formation, most of the legislative elections (255 out of 260 elections) are
followed by successful cabinet negotiation talks, after which a cabinet is approved by the parliament and
sworn in. In three countries, Czech Republic, Greece and Spain, we found however instances of failure of
the government negotiation talks, in the form of a failed vote of investiture or expiration of the deadline set
by the Constitution.

In the Czech Republic the candidate government needs to pass an investiture vote (of simple majority)
within 30 days after its appointment (Article 68 of the Czech Constitution). In 2006, Topolanek (leader
of ODS) decided to form a minority government even without managing to secure support from the other
political parties (37). Topolanek’s first cabinet was sworn in on September 4 but lost a confidence vote on
October 3, and cabinet negotiations had to restart. The deadlock was broken only after 220 days, thanks
to the abstention of some MPs from CSSD, and the Topolédnek II cabinet (centre-right coalition of ODS,
SZ and KSU-CSL) was sworn in (37). A similar situation (failure and then success at the same election)
occurred again in the 2017 Czech election. In 2017, none of the political parties wanted to cooperate with
Babis due to the criminal fraud charges he was facing (36) and the Babis first cabinet (ANO 2011 only),
formed on December 13, failed to pass an investiture vote on January 16. In the cabinet negotiations that
followed, ANO 2011 managed to reach a coalition agreement with CSSD and to obtain external support
from KSCM, and after 249 days the Babi§ second cabinet was sworn in.

In Greece after the May 2012 legislative election none of the three leaders tasked to form a government
managed to negotiate a cabinet coalition and, following the Article 37 of the Greek Constitution (see also
Section S2.7), 10 days after the election day a caretaker cabinet was appointed and new elections were
announced for June.

In Spain, see Article 99 of the Spanish Constitution, if the candidate government does not succeed in
obtaining the confidence of the parliament (i.e., if it loses both a first vote of absolute majority and, 48 hours
after, a second vote of simple majority) then a new candidate cabinet can try to obtain the confidence of
the parliament. If within two months after the first vote for investiture no cabinet has managed to win a
vote of confidence, the King can call new elections. After the 2008, 2016 and November 2019 elections the
candidate cabinets managed to win the confidence of the parliament (with a vote of simple majority) while,
after the 2015 and April 2019 elections, the government negotiations failed and the King had to call new
elections.

For each of these three countries, Supplementary Fig. 7A reports the election dates, the government
sworn in dates and the government negotiations failure dates, determined for the Czech Republic as the
date the cabinet (which later failed to pass the investiture vote) was formed, for Greece as the date the
caretaker cabinet was sworn in, and for Spain as the date corresponding to two months after the first vote for
investiture.

Figure 3 in the main text plots the duration of the government negotiation talks (calculated as number
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of days between the election date and the sworn in date and denoted days, see Supplementary Fig. 7A) vs
the frustration of the parliamentary networks, for scenario I (scenario II and III are reported respectively
in Supplementary Fig. 5 and Supplementary Fig. 6). For Czech Republic, Greece and Spain, the blue data
points (and corresponding regression line and value of correlation) correspond to elections followed by
successful votes of investiture (the May 2012 Greek election and the 2015 and April 2019 Spanish elections
are hence excluded), while the yellow data points (and corresponding regression line and value of correlation
between parentheses) include all the elections: in this case the variable days indicates the number of days
between the election date and the government negotiations failure date (see Supplementary Fig. 7A).

S2.10 Analysis of the type of governments formed after the elections

We distinguish between four types of governments (two being minority governments, two majority) that may
be formed after a legislative election: first, we consider minority governments where the cabinet coalition has
a strict minority in the parliament; second, minority governments whose coalition of parties holds exactly
half of the seats in the parliament; third, majority governments which are minimal winning coalitions;
and last, majority governments which are surplus coalitions. A coalition of parties is minimal winning if
removing a party implies loss of majority in the parliament (37), and it is denoted surplus otherwise.

Supplementary Fig 7B shows the type of government the countries we have considered in our analysis
have formed: of 257 analyzed governments, 61 (23.74%) are minority, 5 (1.95%) are cabinet coalitions
holding exactly 50% of the seats in the parliament, 131 (50.97%) are minimal winning, and 60 (23.35%) are
surplus coalitions.

In Scenario I, computing the frustration is equivalent to find the minimum winning coalition (represented
by the group of parties achieving majority in Sy ), that is, a coalition of parties that is minimal winning and
also minimizing the functional e(S), meaning that between all possible minimal winning coalitions it is the
one with the lowest amount of total MPs. The expectation that governments should be minimal winning is
standard in the literature (20, 37), even if it has been recently observed that, in reality, it is not uncommon
for minority or surplus governments to form (38, 39).

S2.11 Analysis of the Italian bicameral parliamentary system

Under the bicameral system of Italy the candidate cabinet needs to win the confidence of both the Chamber
of Deputies and the Senate of the Republic (40). In what follows we extend the results obtained for the
Chamber of Deputies by considering also the network described by the parties winning seats in the Senate
of the Republic.

For each election let G¢ and Gs indicate the signed networks of the lower and upper chamber, respec-
tively, and let the party set be defined as P = Pc U Ps, where Pc = {p; : p; € Chamber of Deputies} and
Ps = {p; : p; € Senate of the Republic}. For each subset P(S) of P described by the party configuration
S = diag{sy, ... ,Scard('p)}, where s; = 1 if the party p; belongs to the subset P(S) or s; = —1 otherwise,
we define the energy of the configuration .S as the couple [ec(Sc), es(Ss)], where Sc (Ss) and ec(Sc) (resp.
es(.Ss)) indicate the corresponding party configuration and energy functional (S6) of the network G (resp.
Gs), that is

+1, p; € PxNP(S)
—1, pi e Px\ (PxNP(S))

where ¢; is the number of seats won by party p; (correspondingly in the Chamber or the Senate), and

1

ex(Sx) = 3 Z[|£(9X)| + SxL(Gx)Sxlij, X € {CS},
i g2

SX = diag{sl . [(317 <oy Scard(Py) * Iccard(PX)}’ S; = { s X e {C,S},
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where L£(Gx ) indicates the normalized signed Laplacian of the network Gx. We say that a party configuration
S is a majority configuration if its parties hold the majority of seats in both chambers of the parliament, that
is, if Zi:piepcmp(s) ci > % and Zi:piEPSMP(S) ci > %, where 630 and 315 are the total number of seats in
the Chamber and Senate, respectively.

For each election, the energy of all configurations S is depicted in Fig. 6 in the main text, which shows

the values eg(Ss) vs ec(Sc).
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2006, 2010, 2013, 2017
1981, 1984, 1987, 1988,
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2005, 2007, 2011, 2015,
2019
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2007, 2011, 2015, 2019
1991, 1995, 1999, 2003,
2007, 2011, 2015, 2019

1990, 1994, 1998, 2002,
2005, 2009, 2013, 2017
1990, 1993, 1996, 2000,
2004, 2007, 2009, May
2012, Jun 2012, Jan
2015, Sept 2015, 2019
1990, 1994, 1998, 2002,
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1995, 1999, 2003, 2007,
2009, 2013, 2016, 2017
1992, 1997, 2002, 2007,
2011, 2016, 2020

1992, 1994, 1996, 2001,
2006, 2008, 2013, 2018
1993, 1995, 1998, 2002,
2006, 2010, 2011, 2014,
2018
1984, 1989, 1994, 1999,
2004, 2009, 2013, 2018
1990, 1994, 1998, 2002,
2006, 2008, 2011, 2014,
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Number of Seats

(n)
140
155
28

183

150
42

240

140

127

138
200

179

101

200

(1997 only)
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(from 2000)
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300

386
63
159

157
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630

100

60
64

(2020)
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(until 2011)

(from 1989)
(1984)
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Relevant Events

1991

1993

1993
1992

1995
1991

1991

1993

1991

1991

2000

1990

1989

1991

1993

1991

1991

Dissolution of the Social Republic, start of
the 4th Republic.
Adoption of a new Constitution.

Belgian Constitution, Belgium becomes a
federal state.

Independence from SFR Yugoslavia.

New Constitution.

New Constitution.

Independence from SFR Yugoslavia.

Independence from Czechoslovakia.

Independence from the Soviet Union.
Constitution amendments: the powers of
the President are diminished.

New constitution. From semi-presidential

to parliamentary republic (47).
German reunification.

Third Republic.

From Unicameral to Bicameral Parlia-
ment.

New electoral system.

Independence from the Soviet Union.

Independence from SFR Yugoslavia (offi-
cially recognized in 1993).

Continued on next page



Moldova

Netherlands

Norway

Serbia

Slovakia

Slovenia

Spain

Sweden

United
Kingdom

1994, 1998, 2001, 2005,
July 2009, 2010, 2014,
2019 ©
1981, 1982, 1986, 1989,
1994, 1998, 2002, 2003,
2006, 2010, 2012, 2017
1981, 1985, 1989, 1993,
1997, 2001, 2005, 2009,
2013, 2017

2007, 2008, 2012, 2014,
2016, 2020
1992, 1994, 1998, 2002,
2006, 2010, 2012, 2016,
2020
1992, 1996, 2000, 2004,
2008, 2011, 2014, 2018
1989, 1993, 1996, 2000,
2004, 2008, 2011, 2015,
2016, Apr. 2019, Nov.
2019
1982, 1985, 1988, 1991,
1994, 1998, 2002, 2006,
2010, 2014, 2018
1983, 1987, 1992, 1997,
2001, 2005, 2010, 2015,
2017, 2019

@ M = minority (8), D = diaspora seats (3 to 6).

® O = overhangs (since 2005), L = leveling seats (since 2013).

© The elections dated 2014 and 2018 have not been considered since the new Constitution of Hungary (2012) changed
considerably the number of MPs (hence the frustration is not comparable).

@ A = seats for Macedonians living abroad (in case of sufficient voter turnout).

©® The April 2009 election is not considered since no president was elected and new elections had to be held in July 2009.

101
104

150
169
165

157

155
250

150

90

350

349

649

645
658

651
650

Table S1 — continued from previous page
(from 1998) 1991 Independence from the Soviet Union.
(1994)

(from 2005) -
(1989-2001)
(1985)

(1981)
2006 Independence declared from the Union of

Serbia and Montenegro.
1993 Independence from Czechoslovakia.

1991 Independence from SFR Yugoslavia.

+1 (speaker) —
(from 2010)

+1 (2005)

+1 (2001,
1997)

(1992)

(1987, 1983)

Supplementary Table 1. List of countries considered in this work. For each country, we list: the structure of the
Parliament (B = Bicameral or U = Unicameral), the election dates considered in this study, the number of seats in the
Parliament (in case of changes, the year is specified), and the significant events which determined the starting point in

our analysis.
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Scenario  Correlation between \; (L) Overlap (average) between

and frustration Shest and sign (v1 (L))
I 0.956 88.31 %
1I 0.939 98.12 %
111 0.904 97.69 %

Supplementary Table 2. Frustration vs smallest eigenvalue of the normalized signed Laplacian for scenario I, IT, TII.
Left column: average correlation between the frustration of the parliamentary networks ¢ and the smallest eigenvalue
of the normalized signed Laplacian \; (£). Right column: average overlap between Spes; and the signature of vy (L),
the eigenvector associated to A (L), as defined in equation (S14).
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Supplementary Figure 1. (A): Constructing a parliamentary network and the corresponding adjacency matrix for
scenario II (top) and III (bottom). Scenario I is shown in Fig. 1B of the paper. (B): “Political positions” in the left-right
political spectrum. (C): Correlation r for scenario III. 10000 sets of values for the left-right political positions of the
parties were randomly selected on the preassigned left-right grid, as explained in Section S1.1. Here the corresponding
correlation values for each set are shown (gray circles), together with the overall country mean value (red diamond)
and maximum value (blue circle). For each country, the optimal choice for the weights corresponds to the one giving
best correlation index (blue circle).
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Supplementary Figure 2. (A): Number of days of government coalition negotiations for each country and election.
(B): Party-wise frustration for each country and election in scenario L. (C) pgoy, summary for each country and election.
(D) ngov, summary for each country and election. Left panels in (C), and (D): corresponding histograms. A colormap
is used to differentiate data from different years.
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Supplementary Figure 3. Energy landscape for scenario I and for each country, i.e., values of the energy e(.S) (see
(S6)) as S = diag{s1lc,,...,5n,1c, }. si = £1, is varied: the value of the energy functional corresponding to the
government, e(Sgoy ), is highlighted with the red line, while the minimum of the energy functionals, e(Spest) = ¢, is
indicated with the blue dot.
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Supplementary Figure 4. Numerical example of computation of the frustration as the number of parties and of
seats per party varies. (A): Party-wise frustration ¢ of the network G vs number of parties (n,) and vs maximum
number of MPs per party (max; ¢;), as the number of parties is changed and the number of seats per party is varied
randomly. The artificial networks we consider here are “all-against-all” networks with n, € {3,...,20} parties and
size n = 500. (B): Behavior of 7 as a function of the frustration (, as the number of seats per party changes randomly
and n, € {3,6, 10, 20}.
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90 60 150 600 500 ®
° ° e °
A & L L4 L4 °
o _.---" 45 e .- A | as0 375
60 PP 100 'Y
e Lo-- . e--~
z 300-*@ ... ® 300 o .- 250
a [ ] .-@ @ L
30 . 500 .-- ° . . . . ®
o® 15 » 150 e o 125 ®e0 o
A ]
0 ‘ . 0 N 0 ‘ ‘ 0 A ® ol
0 5 10 15 0 1 2 3 4 0 10 20 30 0 10 20 30 0 3 6 9 12
Bulgaria: r = 0.49 Croatia: 7 = —0.13 Czech Republic: r = 0.22 (0.16) Denmark: r = 0.45 Estonia: 7 = —0.25
60 80 300 40 60
° [ ]
A .
15 . 60 225 ° 30 .- a5 °
g ® o -7 o --a__®
@ > - ° ° . -2
F30] 07 ® W0F--.__ o 150 20 *, 30| A ® -
il ° A e--A___ e
15 o 20 o 75 T 10 Y 15 ®
® EEr N WX 4 ° . S
0 0 0 ol @ 0
0 10 20 30 40 0 5 10 15 20 0 10 20 30 0 15 30 45 60 0 5 10 15 20
Finland: r = 0.55 Germany: r = 0.64 Greece: r = —0.14 (0.47) Hungary: r = 0.61 Iceland: r = 0.74
80 200 15 60 80 .
° .
60 P 150 45 g o_--- 60 s
e’ . 10 - .
@ .7 ® -7 ° p
=40 [ ] ) 100 P 30F-7 40
[a [ 2] - ° : ° ® .
P [ ] - ‘
20 . s0l@  _--7 L. e e 15 20 .
. o0 oo 80 O % T L0
oL . . 0 ‘ ; ‘ 0 : ‘ 0 X ‘ ‘ 0 > . .
0 10 20 30 40 0 20 40 60 80 0 10 20 30 0 10 20 30 40 0 3 6 9 12
Ireland: r = 0.53 Italy: r = 0.45 Latvia: r = 0.48 Luxembourg: r = 0.26 North Macedonia: r = —0.11
150 ~ 100 200 60 200
¢ ° P $ ®
75 _-1 150 e 45 L) Pt 150
100 —a e e
® L @ - °
z o 50 Lo 100 ' 30 o ° 100
A 4 ,.-- @ -’ °
50 b Fomeee
e 25/ @ o o 50 ®. e 15 50 @ 09 © g TA ---
s o0 8o
> .
oL . 0 ‘ ; ‘ oL’ ‘ ‘ 0 ‘ ‘ 0 . X X
0 10 20 30 0 20 40 60 80 0 10 20 30 40 0 2 4 6 8 0 5 10 15 20
Moldova: r = 0.50 Netherlands: r = 0.50 Norway: r = 0.57 Serbia: r = —0.30 Slovakia: r = —0.29
150 300 150 200 80
L]
.
_ 225 . 150 60
100 o 100 N
o - ° o .
5' L4 150 .- . 100F ==~ __ 40~~~ N
PPE L] - -7 TTe- . AN
50 . 24 % .3 50 - -— ..
o°, 75 0 % oo 50 ° - 20 ¢ .
€ @0 ® ) "’_,.’... ° B ° A o
0 ol—” 0t” 0 0
0 5 10 15 0 10 20 30 0 10 20 30 0 15 30 45 60 0 10 20 30 40
. . Frustration
Slovenia: r = 0.89 Spain: r = 0.56 (0.75) Sweden: r = —0.28 UK: r = —0.22
200 . —r - 200 - - - 200 - . . 20 -
/! .
150 ) 150 150 15
/ o ®
172] / -
5 100 4 100 P 100 10
A , -
;e A S °
5 5 B 5 5T -o
50 x 50 ”.4' l)()-\_‘;\~~ 5 oo
./ 00 © 0Pes - A () ~-A__
i) S— . . 0 . . . 0 . . RS 0 S o -
0 10 20 30 40 0 15 30 45 60 0 20 40 60 80 0 15 30 45 60
Frustration Frustration Frustration Frustration

Supplementary Figure 5. Scenario II. Frustration of the parliamentary networks v.s. duration of the government
negotiation talks (days) and corresponding linear regression line, for all countries of Supplementary Table 1. The
value of correlation (1) for each country is reported in the plot heading. Legend: blue circles represent points that are
neither outliers, nor high leverage nor influential. A red symbol indicates an outlier, a triangle a high leverage point
and a symbol with green outline an influential point. Residual analysis, leverage statistic and delete-1 statistics are
used to identify outliers, high leverage and influential points, respectively.

Yellow square data points indicate elections corresponding to failure of government negotiations resulting in votes of
no-confidence (Czech Republic in 2006 and 2017) and new elections (Spain in December 2015 and April 2019, Greece
in May 2012), see Supplementary Fig. 7A. Blue regression lines consider only the successful government formations.
Including also the failure points we obtain the yellow regression lines.

28



Albania: r = 0.07 Andorra: r = 0.94 Austria: r = 0.54 Belgium: r = 0.72 Bosnia Herzegovina: r = 0.61

90 60 > 200 600 500 LS
e o /' P o ° /
A A5 -7 5 e - [} - /
° 45 Y 150 % 450 , 375 /
()] -1 o .7 o . / /
® - b, L’ l( ’
< 30 100 300 ®o /) 250 )
A o / ‘
30 5 5 5 / 5 o®
°® 15 50 150 [ 125 A 'ce
o ,
0 0 0 0 oo 0
0 5 10 15 0 1 2 3 0 10 20 30 40 0 10 20 30 0 5 10 15 20
Bulgaria: r = 0.57 Croatia: r = 0.66 Czech Republic: r = 0.71 (0.35) Denmark: r = 0.85 Estonia: r = 0.72
60 - - . 80 - - - 300 - - 30 . - 60 - - -
Y A
A | , .
-7 A, ® 4
15 P 60 . 225 o oAl 45 ° .-
» o e o .- S 20 4 oo
r§30 ‘!’ 40 e 150 K 30 o %o
. - // 4 -
1% o o0 . 10 o ) N
15 20 o e 75 , & 15 .
e /5’6. [ ] /! )
0 0Le" [US 0 0
0 15 30 45 60 0 5 10 15 20 0 10 20 30 0 10 20 30 0 2 4 6 8
Finland: r» = 0.90 Germany: r = 0.94 Greece: r = 0.50 (0.85) Hungary: r = 0.84 Iceland: r = 0.86
80 7 200 15 60 — 80 o
o A&7 e ,
60 / 150 . 45 o .-o° 60
° 10 S o .
n ’ . - .
Z 40 ® 100 300 7® 40
A ® o - ° L °
20 ® 509 e 7 ° A - 15 200 o ®
; . »
0 L 0 0 0 0
0 15 30 45 60 0 20 40 60 80 0 15 30 45 60 0 10 20 30 40 0 5 10 15 20
Ireland: r = 0.86 Italy: 7 =0.95 Latvia: » = 0.72 Luxembourg: r = 0.62 North Macedonia: r = 0.50
200 - - . 100 150 . - 60 - - 200 - . -
k . o o .
150 J 75 .- ° 45 o 150 ‘
4 100 -
© / e N &
C%; 100 / 50 o L . s, S . 100 .-
/ . . B
/o - 50 o 9~
50 o 258 @ oY ° 15 50 f§.\
0 . 0 oL~ 0 0
0 10 20 30 40 0 20 40 60 80 0 3 6 9 0 2 4 6 8 0 5 10 15 20
Moldova: r = 0.90 Netherlands: r = 0.76 Norway: r = 0.61 Serbia: r =0.33 Slovakia: r = 0.70
200 300 150 150 80 -
A [ ] 4 ’
150 R > A o - 60
.- .-l 100 100 ‘
o .- .- -
d%‘100 AT 150 B -7 10 o
.o e et 8 -
o * 75 > 0 e ® e ¢ 0 ol
e N e% ¢ .’/9" ° [ /4
0 ol [ 0 0
0 2 4 6 8 0 10 20 30 0 2 4 6 0 10 20 30 0 2 4 6 8
. . Frustration
Slovenia: r = 0.42 Spain: r = 0.84 (0.93) Sweden: r = 0.79 UK: r = 0.68
150 200 200 20
L]
150 A 150 Pt 15
100 o A__- YL 25 A
12 P - ’ .
= - - . .
& Prae 100 -7 100 L 10 L
I ,9——30 /
50k - L - i K .0
50 .”5. 50 //, 5 "ee®
0 0t b 0 4%
0 5 10 15 0 20 40 60 80 0 15 30 45 60 0 5 10 15 20
Frustration Frustration Frustration Frustration

Supplementary Figure 6. Scenario III. Frustration of the parliamentary networks v.s. duration of the government
negotiation talks (days) and corresponding linear regression line, for all countries of Supplementary Table 1. The value
of correlation (r) for each country is reported in the plot heading. Legend: blue circles represent points that are neither
outliers, nor high leverage nor influential. A red symbol indicates an outlier, a triangle a high leverage point and a
symbol with green outline an influential point. Residual analysis, leverage statistic and delete-1 statistics are used to
identify outliers, high leverage and influential points, respectively.

Yellow square data points include also elections corresponding to failure of government negotiations resulting in votes
of no-confidence (Czech Republic in 2006 and 2017) and new elections (Spain in December 2015 and April 2019,
Greece in May 2012), see Supplementary Fig. 7A. In these 3 countries all edge weights have been recomputed (hence
frustration values are different with respect to the blue data points). Blue regression lines consider only the successful
government formations. Including also the failure points we obtain the yellow regression lines.
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A Country Date No. Days
election failure sworn-in
Czech Republic | 2006-06-03  2006-09-04 2007-01-09 | 93 (failure), 220 (success)
2017-10-21  2017-12-13  2018-06-27 | 53 (failure), 249 (success)
Greece 2012-05-06  2012-05-17 — 11 (failure)
2012-06-17 - 2012-06-21 4 (success)
Spain 2015-12-20 2016-05-03 — 135 (failure)
2016-06-26 - 2016-11-04 131 (success)
2019-04-28 2019-09-24 — 149 (failure)
2019-11-10 — 2020-01-13 64 (success)
B 100 T T T T T
% of surplus
l:l governments
% of minimal
50 - winning coalitions
[ % of governments
- with half of seats
% of minority
l:l governments
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Supplementary Figure 7. (A): Legislative elections related to failure of government negotiation talks in Czech
Republic, Greece and Spain. (B): Type of government coalition formed after the election (minority, minority but
yielding exactly half of the seats in the parliament, minimal winning, surplus), for each country of Supplementary
Table 1. Observe that to be classified as “majority” a cabinet coalition needs to hold (strictly) more than half of the

seats in the parliament.
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Supplementary Figure 8. Scenario I. Elections for which the ground state (Spest) is “degenerate” (purple, orange,
green) and not “degenerate” (light gray). Left panel: cases in which the ground state (Speg) is “degenerate” for
each country and election; Right panel: percentage of elections for which the ground state is “degenerate”, for each
country. Legend: gray stars are used to represent cases where the ground state is not “degenerate”. We consider three
different “degenerate” cases: (1) multiple signature matrices Spese give the same value of frustration but there exists a
Shest Whose corresponding group of parties holds a majority of seats in the parliament (purple squares); (2) multiple
signature matrices Spest give the same value of frustration and all corresponding party groups hold exactly half of the
seats (50/50) in the parliament (orange circles); (3) unique signature matrix Spesy Whose corresponding party group
holds exactly half of the seats (50/50) in the parliament (green diamond).
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Supplementary Figure 9. Scenario 1. Fractionalization index vs frustration of the parliamentary networks and corre-
sponding linear regression line, for all countries of Supplementary Table 1. The value of correlation (r¢ ) for each
country is reported in the plot heading. Inset: distance of the minimum winning coalition Spest to 50% (of the total
number of seats), calculated as g‘;eg‘ where FEjeg is the number of seats in excess of Spes: (See Section S2.4). In all

panels black squares indicate minimum winning coalitions Spesr Whose distance from 50% is greater than 5%.
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Supplementary Figure 10. Leave-the-last-one-out analysis and linear regression plots between the duration of the
government negotiation talks (days) and the frustration of the parliamentary networks in scenario III, for all countries.
The last election (red circle) is used for the validation set while the remaining elections (yellow squares) are used to
calculate the optimal choice of political positions in the left-right grid (see Fig. 4 in the main paper). A yellow dashed
line represents the regression calculated on the first N — 1 elections, while a red dotted line the regression calculated
on all elections. The corresponding values of correlation r are reported in the plot heading.
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