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Abstract—The models of collective decision-making considered
in this paper are nonlinear interconnected cooperative systems
with saturating interactions. These systems encode the possible
outcomes of a decision process into different steady states of
the dynamics. In particular, they are characterized by two main
attractors in the positive and negative orthant, representing
two choices of agreement among the agents, associated to the
Perron-Frobenius eigenvector of the system. In this paper we
give conditions for the appearance of other equilibria of mixed
sign. The conditions are inspired by Perron-Frobenius theory and
are related to the algebraic connectivity of the network. We also
show how all these equilibria must be contained in a solid disk
of radius given by the norm of the equilibrium point which is
located in the positive orthant.

Index Terms—Collective decision-making; nonlinear cooper-
ative systems; multiple equilibria; Perron-Frobenius theorem;
algebraic connectivity.

I. INTRODUCTION

ONLINEAR interconnected systems are used in broadly

different contexts to describe the collective dynamical
behavior of an ensemble of “agents” interacting with each
other in a non-centralized manner. They are used for instance
to represent collective decision-making by animal groups [1],
[2], [3], formation of opinion in social communities [4], [5],
dynamics of a gene regulatory network [6], or neural networks
[7]. Such models often share similar features, like the fact of
using first order dynamics at a node and sigmoidal saturation-
like functions to describe the interactions among the nodes
[81, [7], [9], [10]. The latter functional form is instrumental
to avoid diverging dynamics. The price to pay for having an
effectively “bounded” dynamics is however the appearance
of complex dynamical phenomena such as periodic orbits or
multiple equilibrium points, which complicate considerably
the behavior of the system and its understanding. While
(stable) periodic orbits can be ruled out by choosing functional
forms which are, beside saturated, also monotone [11], [12],
it is in general more difficult to deal with multiple equilibria.
These are often a necessary feature of a model, like for
instance, when describing bistability in a biological system.
In the literature on agent-based animal groups for instance,
the collective decision is typically a selection between two
different attractors [1], [2], [3]. A scenario that occurs often is
that of a finite number of attractors, each with its own basin
of attraction, encoding the possible outcomes of the collective
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decision-making process. This is for instance the model of
choice of several classes of neural networks, like the so-
called Hopfield [8] or Cohen-Grossberg [13] neural networks.
When a neural network is interpreted as an associative memory
storage device or is used for pattern recognition, the presence
of a high number of stable equilibria increases the storage
capacity of the network. The multistability of neural networks
has in fact been extensively investigated in recent years [14],
[15], [16], [17], [18], see also [19] for an overview.

The model adopted in this paper is described in [1], [20],
[21]. All interactions are ‘‘activatory”, i.e., the adjacency
matrix is nonnegative. In addition, it is symmetric or di-
agonally symmetrizable and irreducible. The model has a
Laplacian-like structure at the origin and monotone saturating
nonlinearities to represent the interaction terms. The amplitude
of the interaction part is modulated by a scalar parameter,
interpretable as the strength of the social commitment of
the agents, and playing the role of bifurcation parameter.
When the parameter is small, the origin is globally stable, as
can be easily deduced by (global) diagonal dominance. The
interesting dynamics happens when the parameter passes a
bifurcation threshold: the origin becomes unstable, and two
locally stable equilibria, one positive, the other negative, are
created. This is the behavior described in [1]. The bifurcation
analysis of [1], however, captures what happens only in a
neighborhood of the bifurcation point. Moving away from
the bifurcation, all is known is that the positive and negative
orthants remain invariant sets for the dynamics, and each keeps
having a single asymptotically stable equilibrium point, see
[20], [21]. What happens in the remaining orthants is unknown
and its investigation is the scope of this paper.

It is useful to look at the neural network literature (in our
knowledge the only field that has studied the multiequilibria
problem is a systematic way for such interconnected systems).
It is known since [8] that for neural networks with connections
that are symmetric, monotone increasing and sigmoidal, the
equations of motion always lead to convergence to stable
steady states. The number of such equilibria is shown to grow
exponentially with the number n of “neurons” for various
specific models [14], [15], [16], [17]. In order to count equi-
libria, often in these papers one has to resort to nondecreasing
piecewise linear functions to describe the saturations, and
to obtain algebraic conditions on the equilibria by looking
at the corners and at the constant slopes. The existence of
the equilibria is also checked through Brouwer fixed-point
arguments. None of these methods apply in our case.

The consequence is that in order to investigate the presence
of multiple equilibria in our system we have to take a com-



pletely different approach. Since the adjacency matrix of our
network is nonnegative, we can use Perron-Frobenius theorem
and the geometrical considerations that follow from it. The
main result of the paper is a necessary and sufficient condition
for existence of equilibria outside Ry /R™, formulated in terms
of the second largest positive eigenvalue of the adjacency
matrix. Roughly speaking, this condition says that the interval
of values of the bifurcation parameter in which no mixed-
sign equilibrium can appear is determined by the algebraic
connectivity of the Laplacian of the system [22], [23], [24].

While our necessary condition is always valid, our proof of
sufficiency is based on singularity analysis of bifurcations [25],
and is valid under the assumption that the algebraic connec-
tivity has multiplicity one, condition which is generically true
[26]. For consensus problems, the role of the algebraic connec-
tivity is well-known: the bigger is the gap between 0 (the least
eigenvalue of the Laplacian) and the algebraic connectivity, the
more robust the consensus is to model uncertainties, parameter
variations, node or link failures, etc. [23]. In the present
context, the spectral gap in the Laplacian (or, more properly, in
the adjacency matrix), represents the range of values of social
commitment of the agents which leads to a choice between
two alternative agreement solutions, with a guaranteed global
convergence. Beyond the value represented by the algebraic
connectivity, however, the system bifurcates again, and a
number of (stable and unstable) mixed-sign equilibria appears
quickly, destroying the global convergence to the agreement
manifold in which the two alternative attractors live. Although
we can investigate these extra equilibria only numerically, it is
nevertheless possible to compute exactly the region in which
they must be. The second analytical result of the paper is in
fact that for all values of the bifurcation parameter the mixed-
sign equilibria have to have norm less than the norm of the
equilibrium in R7}. In other words, all the equilibria of the
system must be contained in a ball centered in the origin of
R™ and of radius equal to the norm of the positive equilibrium
point. Our numerical analysis shows that stable equilibria tend
to localize towards the boundary of this ball, while those
near the origin tend to have Jacobians with several positive
eigenvalues and a similar number of positive and negative
components.

The rest of this work is organized as follows. Preliminary
material is introduced in Section II. The main results are
stated in Sections III and IV; the first section provides the
necessary and sufficient condition for the existence of mixed-
sign equilibria, while the second describes the region in which
they must be contained. Section V finally provides a numerical
analysis of the equilibria.

A preliminary version of this paper appears in [27]. It
contains only the necessary condition discussed in Section III,
and lacks the proof of most of the results.

II. PRELIMINARIES
A. Concave and convex functions
Let 4 € R™ be a convex set. A function f : U — R is
convex if for all x1,25 € U and 6 with 0 < 6 < 1, we have

[0z + (1= 0)az) <Of(x1) +(1—0)f(x2). (D)

It is strictly convex if strictly inequality holds in (1) whenever
1 # z2 and 0 < 6 < 1. We say f is concave if —f is
convex, and strictly concave if — f is strictly convex. Suppose
f U — R is differentiable. Then f is convex if and only if

fe) = fe) + D@ —m) @

for all 1,29 € U. It is strictly convex if and only if strict
inequality holds in (2) for all 1 # zo and x1, 22 € U.

B. Nonnegative matrices and Perron-Frobenius

The set of all A € C that are eigenvalues of A € R"*™ ig
called the spectrum of A and is denoted by A(A). The spectral
radius of A is the nonnegative real number p(A) = max{|A| :
AeA(A)}.

A matrix B € R™ "™ is said to be similar to a matrix A €
R™*" abbreviated B ~ A, if there exists a nonsingular matrix
S € R™™™ guch that B = S~1AS. If A and B are similar,
then they have the same eigenvalues, counting multiplicity.

A matrix A € R™*" is said to be reducible if either n = 1
and A = 0 or if n > 2, there is a permutation matrix P €
R™*™ and some integer  with 1 < r < n — 1 such that
PTAP = ﬁ? g] where B € R™", C € R™*("=7) D ¢
R(=7)x(n=7) A matrix A € R™*" is said to be irreducible
if it is not reducible.

The matrix A = [a;;] € R™ " is said to be diagonally
dominant if |a;;| > 3, lai;| for all i. It is said to be strictly
diagonally dominant if |a;;| > >, ; |a;;| for all i.

Theorem 1 ([28], Theorem 6.1.10) Ler A <€ R"*™ bpbe
strictly diagonally dominant. Then A is nonsingular. If a;; > 0
for all i = 1,...,n, then every eigenvalue of A has positive
real part. If A is symmetric and a;; > 0 forall i =1,... n,
then A is positive definite.

Theorem 2 (Perron-Frobenius, [29] Theorem 1.4) If A €
R™ ™ js irreducible and nonnegative then p(A) is a real,
positive, algebraically simple eigenvalue of A, of right (left)
eigenvector v > 0 (w > 0). Furthermore, for every eigenvalue
A € A(A) such that X # p(A) it is |\ < p(A) and the
corresponding eigenvector vy cannot be nonnegative.

Corollary 1 (Perron-Frobenius) If A € R"*" is irreducible
and nonnegative then either

p(A):Zaij, Vi=1,...,n (3)
j=1
or
4)

n n
miin Zla,;j <p(4) < max Zlaij
i= j=

C. Symmetric, symmetrizable and congruent matrices

Let A € R™*" be symmetric. Then all the eigenvalues of
A are real and ST AS is symmetric for all § € R"*",

A matrix A € R"*" is (diagonally) symmetrizable if DA is
symmetric for some diagonal matrix D with positive diagonal



entries. The matrix DA is called symmetrization of A and
the matrix D is called symmetrizer of A [30], [31], [32]. The
eigenvalues of a symmetrizable matrix are real. A € R"*" is
symmetrizable if and only if it is sign symmetric, i.e. a;; =
aji = 0 or Qg5 - Qji > 0,Vi 7é Js and Qiy,igQigig « - - Qi ig =
Wiy iy Aigig » » - Qi iy, for all ii, PN ,ik.

A matrix B € R™ " is said to be congruent to the matrix
A € R™" if there exists a nonsingular matrix S such that

B = SAST.

Theorem 3 (Ostrowski, Theorem 4.5.9 in [28]) Let A, S €
R™ "™ with A symmetric and S nonsingular. Let the eigen-
values of A, SAST and SST be arranged in nondecreasing
order. For each k = 1,...,n, there exists a positive real
number 0y such that \(SST) < 6, < M\(SST) and
A (SAST) = 0\ (A).

D. Cooperative systems

Consider the system

where f is a continuously differentiable function defined on a
convex, open set Y C R™. We write x(¢,zg) for the forward
solution of (5) with initial condition g € R™ at ¢t = 0.

The set K given by K = {z € R™ : kjz; > 0, k; €
{£1},4 = 1,...,n} is an orthant in R™. K is a cone in
R™ and it generates a partial ordering “<y”, i.e. x <y y iff
y—x € K. The subscript “/C” will be dropped in case = R”,
the nonnegative orthant.

System (5) is said to be type-K monotone [12] if whenever
Z and g lie in U and if T <x § then x(¢,%) <x y(t,7y) for
all ¢t > 0 for which both solutions are defined. In this case we
say that the flow of (5) preserves the ordering <g.

z(0) = o (&)

Lemma 1 ([12]) If f € CY(U) where U is open and convex in
R™, then x(t,xq) preserves the partial ordering <y fort >0
if and only if K g—i (z) K has nonnegative off-diagonal elements
for every x € U, where K = diag{k1, ..., kn}, ki € {£1}, is
the “signature” of the orthant K.

If K =R’ then we have the class of cooperative systems.
System (5) is said to be cooperative in U C R"™ if the
differentiable vector field f : R®™ — R" is such that the

Jacobian matrix %(1}) is Metzler for all z € U, that is

[%(I)Lj > 0 for all i # J.

III. MULTIPLE EQUILIBRIA IN COLLECTIVE
DECISION-MAKING SYSTEMS

The class of nonlinear systems considered in this work is
the following [1], [20]

& =—Az+ 1AY(x) (6)

where © € R™, m > 0 is a scalar parameter, A = [a;;]
is the weighted adjacency matrix of the network, A =
diag{61,...,0,}, and ¥(z) = [1(z1) ... Yn(xn)]T. The
matrix A is assumed to be nonnegative with null diagonal,
irreducible and symmetrizable. A Laplacian-like assumption

links A and A: §; = > ; @ij- In the context of agent-based
group decisions, ¢; represents the inertia of the i-th agent to
the development of an opinion, t;(x;) the capacity of the i-th
agent of transmitting its opinion to the other agents, mediated
by the pairwise susceptibilities a;;. From the irreducibility
assumption on A it follows that each J; is strictly positive,
d; > 0. Denote dmin = min;{d;} and dyax = max;{0;}. The
parameter 7 represents a community social effort. See [1], [3]
for more details.

The vector of functions v (z) is such that each ;(z;) :
R — R satisfies the following conditions

Vi) = —i(—x), Va; € R (odd) (A1)

oz, (z;) >0, Va; € R and oz, (0) =1 (monotone) (A.2)
lim ;(x;) = £1 (saturated). (A.3)
x; —+oo

The assumption (A.3) guarantees the boundedness of the solu-
tions, and together with (A.2) allows to exclude the presence of
limit cycles. Typical choices for 1; are a hyperbolic tangent
function, a (modified) Michaelis-Menten function ;(z;) =
%, z; € R [5], or a (modified) Boltzmann function
Yi(x;) = ﬁz%zz, x; € R [7]. The versions here proposed
satisfy the conditions (A.1)=-(A.3).

Additionally, if each nonlinear function v;(x;) satisfies the
following condition

Va;, <0

(sigmoidal)  (A.4)

strictly convex
Vi .
strictly concave Vaz; >0

then, from (2) and (A4), |¥;(x;)| < |x;| for all ¢ and
x; # 0. While all the examples mentioned above (hyperbolic
tangent, Michaelis-Menten and Boltzmann functions) satisfy
also (A.4), nonsigmoidal functions often satisfy (A.1)=-(A.3)
but not (A.4).

From these assumptions, it follows that the Jacobian matrix
of (6), given by —A + wA%(x), is Metzler. Therefore, the
system (6) is cooperative.

It is convenient to rewrite the system (6) in the following
(“normalized”) form

& =Al—z+rHiY(x)], xeR™ (7)

where the matrix H; := A~!A. Denote also H := wH;.
Observe that it satisfies some useful properties:

e H is nonnegative and irreducible, so Theorem 2 applies.

o All the row sums of H are equal to 7, thatis H1,, = 71,.
It follows that (7, 1,,) is the Perron-Frobenius eigenpair
of H.

o As the matrix A is symmetrizable, also H is symmetriz-
able, hence it has real eigenvalues.

We will see below that the existence (and the stability) of
multiple equilibria is strictly related to the structure of the
spectrum of the matrix H.

A. Existence of multiple equilibria: a necessary condition

Consider the system (7) (or (6)) where each nonlinear
function v;(x;) satisfies the properties (A.1)--(A.4). Let us
start by recalling what is known for this system when we



vary the parameter 7. By construction, the origin is always
an equilibrium point for (7) (or (6)). When 7 < 1, x = 0 is
the only equilibrium point, it is globally asymptotically stable
and locally exponentially stable. This follows from diagonal
dominance, and can be easily shown by a Lyapunov argument,
see [1], [20], [21]. At @ = m; = 1 the system undergoes a
pitchfork bifurcation, the origin becomes a saddle point and
two more equilibria emerge, 7 € R} and 2~ € R [1]. It
follows from the analysis of [20] that, for all # > 1, z = 0
is an unstable equilibrium point, while both z+ and z~ are
locally asymptotically stable with domain of attraction given
by (at least) the entire orthant for any = > 0. R? (resp. R™)
are in fact invariant for the system (7). What happens outside
these two orthants is however unknown. When 7 > 1 and m—1
sufficiently small, the behavior of the system (7) outside R’}
and R” has been discussed in [1]. Only the three equilibrium
points mentioned above are possible, two locally stable [20]
and the origin as a saddle point. However, when m > 1 grows,
the bifurcation analysis of [1] does not suffice anymore.

Our task is therefore to investigate the behavior of the
system (7) when m > 1 grows and z € R" (case not described
by [20] and [1]). In particular, we would like to understand
for what interval (1, m) of the bifurcation parameter 7 extra
equilibria not contained in R’} /R” cannot appear, and what
happens for m > ms.

The following theorem introduces a necessary condition that
has to be verified in order to have an equilibrium point Z in
a generic orthant I # R’} R” for the system (7).

Theorem 4 Consider the system (7) where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)--(A.4). If the
system admits an equilibrium point & € K, where K is an
orthant in R™ and IC # R} ,R", then IN(H) € A(H) such
that A\(H) > 1 and MN(H) # p(H).

Proof. Let € K be an equilibrium point for (7). Because A
is diagonal and positive definite, from (7) it follows

T = Hy(z). 3)

First notice that if Z € K also ¥(Z) € K, because from
(A.1) and (A.2) v;(xz;) keeps the same sign of x; for

all ¢ = 1,...,n. Introduce the diagonal matrix M(Z) =
diag{m1(Z1),...,m,(Z,)} where each element is given by
mz(‘fl) = wigxi)a :15"'7n'
Li

Since Z >k 0, the ratio is well-posed. The dependence of
M (Z) from Z will be omitted from now on. From (A.2) and
(A.4) one gets |¢;(z;)] < |zi| Vi, x; # 0, which leads to
m; = Y0 € (0,1) for all i. Then 0 < diag(M) < L.
Applying the change of coordinates Z = M'/2z, from (%) =
Mz, we get

z=MY2HMY?z. )

Eq. (9) represents the eigenvalue equation for the matrix
M'Y2HM'/?, that is (1, %) is an eigenpair of M'/2HM'/2,
Furthermore z € K since, for each i, z; = /m; Z; and m;
is strictly positive. Observe that M'/2HM'/? is nonnegative

and irreducible and let its eigenvalues be arranged in a non-
decreasing order. Theorem 2 states that A, (MY/2HM/?) =
p (MY2HM?'/?) is real and positive and that its associated
eigenvector is real and in the positive orthant of R™. Then
p (MY2HM?Y?) > 1, since the eigenvector associated to 1
is z € K # R’} ,R". To prove that 3 \(H) € A(H) such that
A(H) > 1 we proceed in steps.

« Since the matrix A is symmetrizable, let A = D4S4
where D, is a diagonal matrix with positive diagonal
entries and S4 is a symmetric matrix. Notice that the
matrix S, is still irreducible, nonnegative and with null
diagonal.

e The matrix H, which can be written as H =
7AT1D 48 4, is symmetrizable. Define the matrix Dy :=
7A~1D 4, diagonal with positive diagonal entries. Then
Sq = leIlH is the symmetrization of H while D;Il is
the symmetrizer of H.

« Consider the matrix H defined as

H:= D, ?HD}/* = D;/*S.D}/*.

By construction it is symmetric, nonnegative, irreducible
and similar to H. Because H and H have the same eigen-
values, it is just necessary to prove that 3 \(H) € A(H)
such that A\(H) > 1 and \(H) # p(H).

o The matrices MY/2HM'/? and M'/2HM'/? are similar.
Indeed

MY2g Y2 = D11q/2 MY2F Y2 DH1/2
~ MY2E M2

Then they have the same eigenvalues and in particular,
from equation (9), it follows that (1, Dl_fl/ 22) is an eigen-
pair of the matrix M/2HM'/2. Since D;Il/zé eK, it
follows that 3 k # n such that A\, (M/2HM'Y?) = 1.

o The matrix MY2HM'? is symmetric and M2 is
nonsingular so it is possible to apply Theorem 3. There
exists a positive real number ), such that

Me(MY2HMY?) = 0, )\ (H)
and
A (M1/2(M1/2)T) <0, <\, (Ml/Q(M1/2)T>

where A\ (M) = mpin and A\, (M) = mpax. Then
0, < Mmax < 1. Since k # n is the index for which
Me(MY2HMY?) = 1, it follows

1= /\k(Ml/ZHMl/Z) = Gk)\k(ﬁ) < /\k(H)

Because & # mn, this implies the existence of an
eigenvalue \(H) € A(H) such that \(H) > 1 and
M(H) # p(H). Consequently, since H and H are similar,
there exists A(H) € A(H) such that A\(H) > 1 and
A(H) # p(H).

When instead of (7) the system (6) is considered, then the
results are less sharp, since they depend on the diagonal terms,
which are not all identical as in (7).



Corollary 2 Consider the system (6), where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)=-(A.4). If the
system admits an equilibrium point & € K, where K is an
orthant in R™ and K # R, R", then IN(A) € A(A) such
that \(A) > 0 and \(A) # p(A) for which T A(A) > dmin.

Proof. Let the symmetrizable matrix A be written as A =
DS 4, where D is a diagonal matrix with positive diagonal
entries and S4 is a symmetric matrix. Then H = TA~'DS 4.
Define a new matrix

= AYV2D-1/2gDY2A-1/2 — s A-1/2 FA-1/2

where A is defined as A := D~1/24AD'/? = D'/25,D'/2,
By construction, H is symmetric, similar to H and congruent
to A, while A is symmetric, similar to A and congruent to
S4. Because H and A are both symmetric, it is possible to
apply Theorem 3. To simplify the notation, let S := NN
and H = SAST, and the eigenvalues be arranged in a
nondecreasing order. Therefore, there exists a positive real

number 6 such that the following conditions hold
Me(H) = 0k (A)
M(SST) < 0y < A (S57) (1D

From Theorem 4, 3 k # n such that Ay (H) > 1. It follows,
by similarity, that A\x(H) > 1. Then the condition (10) where

0 > 0 and k # n, yields \p(A) > 0 and \p(A) # p(A).
Moreover, since SST = 7A~1, then

(10)

AM(SSTYy = T A (887 =
5max min
From (11), (10) and the result of Theorem 4, it follows that

ie.m /\k(A) > 6.y But A and A are similar, that is, they have
the same eigenvalues. Then 7 Ag(A) > dpnin, Which concludes
the proof. ]

It is possible to relax the assumption (A.4). Define for each
i the coefficients p; as

i = max {wl(xl)}, t1=1,....n

T xZ;
and then define
(12)

pim max {ui}.
i=1,...,n

This means that the condition

i(@s)| < p- |l
holds for each ¢ and x; € R.

Theorem 5 Consider the system (7) where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)=(A.3). If the
system (7) admits an equilibrium point T >x 0, where K
is an orthant in R"™ and K # R’ ,R", then IN(H) € A(H)
such that \(H) > 1/ and N(H) # p(H), where 1 is given
by (12).

The proofs of this theorem and of the following corollary
are omitted as they are completely analogous to those of
Theorem 4 and Corollary 2.

Corollary 3 Consider the system (6) where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)=(A.3). If the
system (6) admits an equilibrium point T € K, where K is an
orthant in R™ and K # R, R", then IN(A) € A(A) such
that A(A) > 0 and A(A) # p(A), for which T A(A) > 67’
where i is given by (12).

Remark 1 Observe that if £ € R" is any equilibrium point
for the system (7) (or (6)), also —Z is an equilibrium point
as well. Indeed, as by assumption (A.1) ¢(—Z) = —¢(Z), it
follows that Hy(—z) = —Hy(Z) = —Z.

Remark 2 The necessary conditions given by Theorem 4 and
Theorem 5 imply that in order to have an equilibrium point
Z € K for the system (7), where K is an orthant in R™ and
K # R%,R", the number of nodes in the network should be
strictly greater than three. The next proposition in fact shows
that it is impossible for A (and hence for H) to have a second
positive eigenvalue which differs from the Perron-Frobenius
eigenvalue if n < 3, and is of independent interest.

Proposition 1 Let n < 3 and A € R™ ™ be an irreducible,
symmetrizable, nonnegative matrix with null diagonal. Then
A cannot have two different real positive eigenvalues.

Proof. The matrix A is symmetrizable which implies that its
eigenvalues are real. Let them be arranged in a nondecreasing
order, that is A, (A) > A,—1(A) > -+ > A1(A). It is always
true that ,
{Z?_l Ai(A) = Tr(4) = 0, ¥n
[T, Mi(A) = det(4).
Since A is nonnegative and irreducible it is possible to apply

Theorem 2 from which it follows that A,(A) = p(A) > 0.
Then
0 a2

o If n = 2, A=
a1 0
and determinant become

{M(A) +Aa(4) = 0
)\1(14))\2(14) = —ai2a921 < 0

which yields A\ (A) < 0.

] and the conditions on its trace

0 a2 a3
e If n =3, A= a1 0 as3| and the conditions on
azgr aszx 0

its trace and determinant become

A(A) +A2(A4) + A3(4) = 0
M (A)A2(A)A3(A) = ar2a23a31 + a13a21a32 > 0

which yields A (A4) = —A3(A) < 0 and A2(A) = 0 or
)\1(14), /\Q(A) < 0.
|

B. A geometric necessary and sufficient condition

The following lemma provides a geometric interpretation
of the condition of Theorem 4. Consider the Laplacian L; =
I— Hj. Since p(H;) = 1, by construction, the least eigenvalue
A(L1) = 1 — p(Hy) is the origin. Recall that the second
leftmost eigenvalue of L, Ay(L1), is called the algebraic



connectivity of Ly [24]. If A\,_1(H;) is the second largest
eigenvalue of H;, then the algebraic connectivity of L; is
Ao(Ly) =1 — Ap—1(Hy).

Lemma 2 The range of values of w for which no extra
equilibrium of the system (7) (other than 0, x* and =) can
appear is given by (1, ms), with mo = m > 1, and
hence it is determined by the algebraic connectivity \o(L1).

Proof. For (3) it holds that Ej hi,:; = p(H1) = 1 V i. This

means that the Laplacian L; has all identical GerSgorin disks,
all centered at 1 and passing through the origin:

seCst |s—1| < c;&

=t "

=1

From GerSgorin Theorem [28], the eigenvalues of L, are
located in the union of the n disks. The least eigenvalue
A1(L1) = 0 lies on the boundary of the GerSgorin disks. The
other eigenvalues of L; are strictly inside the disks because
of irreducibility and positive semidefiniteness of L;. When
m > 1, all the eigenvalues of H = wH; are increased
in modulus, and the GerSgorin disks of I — H are still all
centered in 1 but have radius 7. The condition of Theorem 4,
INH) > 1, A\(H) # p(H) corresponds to the existence of 7
s.t. TA(Hy) > 1 for A(H1) > 0 and A(H;) # 1, i.e., it corre-
sponds to requiring that m > 75, where 7y = ﬁ(fh) > 1.
When this happens, 1 — wA,_1(H1) crosses into the left half
of the complex plane. ]

The insight given by Lemma 2 allows to show that the con-
dition of Theorem 4 is also sufficient. Since we use bifurcation
theory and singularity analysis in the proof, we have however
to restrict to the case of algebraic connectivity A2(L1) which
is a simple eigenvalue (property which is generic for weighted
graphs, see [26]).

Theorem 6 Consider the system (7) where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)+-(A.4). Assume
further that the second largest eigenvalue of Hy, \,_1(H1)
is simple. The system admits an equilibrium point T € K,
where K is an orthant in R™ and K # R’} ,R", if and only if
™> Ty = m > 1.

Proof. Necessity was proven in Theorem 4. In fact, as shown
in Lemma 2, since p(H;) = 1, the condition of Theorem 4
corresponds to ™ > mp = m > 1. To show that
mixed sign equilibria appear exactly at 7 = 7wy = m,
we use bifurcation theory, in particular singularity theory and
Lyapunov-Schmidt reduction for pitchfork bifurcations [25],

see also [1]. Consider

Oz, m) = —z+mHiy(x) =0. (13)

Denote vy and ws, wg ve = 1, the right and left Fiedler
vectors, i.e., the eigenvectors relative to A,_1(H;). From
Theorem 2, vy, wy € K for some K # R}, R”. Let
J = ?)—‘QIZ(O7 m9) = —I + moHj. Observe that range(J) =
(ker(J7))" = (span{w>})" and that ker(J) = span{v,}.
Let E denote the projection of R™ onto range(J) =

(span{ws}) ", E = I —vyw?, and I — E the projection onto
ker(J) = span{vs}. Split = accordingly: = yvs + r, where
y €Rand r = Ex € (span{ws})=*.

Near (0, m2), (13) can be split into

E®(z, 7) = E(—x + mH1¢(z)) =0
(I-E)®(z,n)=(I—E)(—z+mH¢(z)) =0

(14a)
(14b)

Since A,_1(H;) is simple, at 7 = mo (13) has a simple
singularity. Hence for (14a) the implicit function theorem
applies and it is possible to express r = R(yvs, 7). The
explicit expression of R(-) is not needed in what follows.
Replacing r in (14b), we get the center manifold

oy, m) =(I — E)( — yva — R(yvs, )

15
+ mH1(yva + R(yva, 7)) = 0. (1

Define g(y, ) = wl¢(y, ), where wy € (rangeJ)". The
recognition problem for a pitchfork bifurcation requires to
compute at (0, 7o) the partial derivatives gy, gyy» Gyyy> Gro
gry- In this case the calculation is simplified by the fact that
®(x, ) is odd in z. For instance, since ® has a singularity
at (0, mo) it follows that the directional derivative along v

vanishes:
—(x, m)| we = (—I + mH; 3¢(I)> Vo
Ox (0, 72) Ox (0, 72)

= (_I+7TQH1)'U2 = —U2 +7T2)\n,1(H1)’02 =0

where we have used %

0d

(I)y(oa 72) =

= 1. Similarly (see [25])
)

’UQ) V2
(0, m2)

(

o [ 0
QDyy(O, m2) = oz (8:6(% )

o (0
:ﬂ'Hl( w(x)’l)g) ’U2:O
83: ax (0,ﬂ2)
because azg(;”"’) =0, and
x; 0
(I)ﬂ'(ov 7T2) - %(l" 7T) = le(x)|(07ﬂ'2) =0
(0771'2)

since 1;(0) = 0. The two remaining partial derivatives are

o [ 09
(0] = — | —
77.7;1(07 7T2) aﬂ, ( ax (J/', 7T) (0 UQ)
,T2)
oY(x
=H; qg( ) vg = Hivg = A1 (Hi)vz
T 10, m2)
and (using a notation similar to [25], (3.16))
FoRki)
Dyyy (0, m2) = ﬁ(xv ) (v2, v2, v2)
z (07772)
B1 93,1
= ’/TQHl :
Bn v%,n
% (i)

where, from (A.4), §5; = Frs < 0. Consequently, for
i o
the projections along va: ¢, (0, m2) = (I — E)®,(0, m2) =0,

and, similarly, ¢,, (0, m2) = 0, ¢.(0, m2) = 0. As for the



two nonvanishing partial derivatives: ¢, (0, m2) = (I —
E)®ry(0, m2) = An—1(Hi)ve and ¢yyy (0, m2) = (I —
E)<I>yyy(0, 7'('2) = V2 Z?:l ﬁiwg’ivg’ﬂ;. Therefore gy(O, 7T2) =
gyy(ov ) = gﬂ(07 m3) = 0 and gﬂ'y(07 ) = )\n—l(Hl) >
0, gyyy(O, 7T'2) = Z:L:l Biwzﬂ'vgyi < 0 since wg,/ﬂ}gi >0
Vi, which completes the recognition problem for a pitchfork
bifurcation [25]. Hence at m = 75 the system crosses a second
bifurcation through the origin and two new equilibria appear
along span{vs}. Since vy € K, these equilibria must belong
to K and —K. ]

Notice that unlike most arguments based on singularity
analysis of bifurcations, our result in Theorem 6 is not a local
one, as our proof of necessity (Theorem 4) is nonlocal.

When \,_1(H;) has multiplicity higher than one, then
singularity analysis based on the normal form of a pitchfork
bifurcation does not apply, although we expect that similar
sufficiency results can be obtained through more advanced
bifurcation theory.

A pictorial view of the situation described in Theorem 6
will be given below in Example 1, see in particular Fig. 1 and
Fig. 2 (a), (b).

If instead we look at system (6), and at the Laplacian
L = A — A, then, when m = 1, the GerSgorin disks are
centered at §; and have different radii, equal to ¢;. However,
this cannot be straightforwardly reformulated in terms of p(A),
as (4) (instead of (3)) now holds: dpmin < p(A) < dmax-
When exploring the values m > 1, then the GerSgorin disks
of L = A — A are contained one in the other, according
to the corresponding d;, and all have nonempty intersection
with the left half of C, see Fig. 2, panels (c) and (d). In this
case, while the eigenvalue condition introduced in Theorem 4
represents the necessary and sufficient condition for the neg-
ativity of a second leftmost eigenvalue of L, the eigenvalue
condition introduced in Corollary 2 is just necessary, due to the
presence of the diagonal matrix A. Using a similar reasoning
it is in fact possible to prove that A\,,_1(H) = w0\,_1(A),
where the value of the positive constant 6 is not fixed but
5min < 0 < 6max~

C. Stability properties of multiple equilibria

Theorem 7 Suppose the system (7) admits an equilibrium
point T € KC, where K is an orthant in R"™ and K # R}, R

If
T max %( i) e <1, (16)
Oz
then x is locally asymptotically stable. Instead, if
wmln{afj( )}>1 (17)

then the equilibrium point T is unstable.

Proof. Let * € K be an equilibrium point for (7). To study
the behavior of the dynamical system (7) near the equilibrium
point z, consider the linearization around z

o

i = A[ [+H %5 (x )] (z — 7). (18)

Under thp condition (16) it can be proven that the matrix
I - H g—w(f) is strictly diagonally dominant, that is 1 >

> i aiw’j(:fj) for all i = 1,...,n. Indeed
o,
Zhij aixj(xj) S mjax{ } Zhu
j#i 7 J#i

=7 m]ax{gzgzbj(xj)} <1.

Then it is possible to apply Theorem 1 and state that, under
the condition (16), each eigenvalue of the matrix I — H g—i’ (Z)
has strictly positive real part. Therefore, each eigenvalue of the
matrix A (-1 + H ‘W’( )) has strictly negative real part, i.e.
Z is locally asymptotically stable.

Now suppose that (17) holds and consider the linearization
around Z (18). Let H = H g—f(f) and notice that it is
nonnegative and irreducible (therefore it is possible to apply
Theorem 2). If the matrix A — I admits an eigenvalue with
positive real part, it is possible to conclude that the equilibrium
point Z is unstable. For each ¢ = 1,...,n, it holds that

Z hij = Z hij g%

—mln{aﬁj( J)} m>1,
under the hypothesis (17). According to Corollary 1, p(H) >
mini (Z?:l B”)
that p(H) > 1. Therefore the matrix H — I admits a real

positive eigenvalue given by p(H) — 1, which implies that the
equilibrium point Z is unstable. ]

. From the previous reasoning, it follows

IV. LOCATION OF THE MIXED-SIGN EQUILIBRIA

In this Section we restrict our analysis to the special case
of all identical ;(x;). In this case the equilibrium point in
the positive orthant has all identical components as shown in
the following lemma.

Lemma 3 Consider the system (7) where each 1;(x;) satisfies
the properties (A.1)=-(A.4) and ¥;(§) = ¥;(&) Vi,j and
V& e R When m > 1, the positive equilibrium point = € R,

wz(l’ ) +

is such that = =. Furthermore =™ is the Perron-

Frobenius ( rlght) elgenvector of H.

Proof. For the matrix H we have that the Perron-Frobenius
eigenvalue is p(H) = m > 1 and the corresponding
eigenvector is 1,. At z it must be Hy(zt) = zT. If
Y(at) = Lot with 2T = al, for some o € (0,1) then
we have Hiy(z1) = %aH]ln = al,, from which we get the
eigenvalue/eigenvector equation H1, = 7w1l,. It follows that
2t = al,, is the Perron-Frobenius eigenvector of H. The
specific value of « depends on the functional form of v;(z;).
|

A more important consequence is that for each value of 7
the positive equilibrium point 2™ provides an upper bound on
the norm that any mixed-sign equilibrium Z can assume.



Theorem 8 Consider the system (7), where each nonlin-
ear function ;(x;) satisfies the properties (A.1)=(A.4) and
V(&) = ¥;(§) Yi,j and V& € R If the system admits an
equilibrium point T € IC, where K is an orthant in R™ and
K #Ry, R, then ||Z|| < [la™].

In order to prove the theorem we use the following lemma.

Lemma 4 Consider the system (7), where each nonlinear
Sunction ;(x;) satisfies the properties (A.1)=(A.4) and
V(&) = ¥;(§) Yi,j and V& € R If the system admits an
equilibrium point T € IC, where K is an orthant in R™ and

K #RY, R, then Y450 > L for all i.

Proof. Introduce the diagonal matrix M(Z) =
diag{m1(Z1),...,mn(Zn)} as in Theorem 4, where
each element is given by m;(Z;) = M, i =1,.

Since  >x 0 the ratio is well- posed The dependence
of M(z) from Z will be omitted from now on. Let
Mimin = min {M} for all i and [ € {1,...,n} be the

index such that w’g”) = My, and suppose without loss of

generality that z; > 0. By definition of m,;, and from (A.2)
and (A4), ¥;(Z;) < Yi(zy) and T; < Ty for all ¢ # I. At T
it must be ¥ = Hy(2), that is 7; =, hijb;(2;) for all

i =1,...,n. This yields

= hit (@) < | D hyy | (@) = m(@)

J#l J#l
which implies that mp;, = g) > L Then, since m; >
M for all ¢ # [, it follows that i (w) > 1 for all « =
1,...,n. [ |

Proof. [Proof of Theorem 8] Let 2+ € R} and 7 € K be
equilibrium points for the system (7). From Lemma 3 and
Lemma 4 it follows that w’(y‘) > % = ¥ (m ) for all i =
1,...,n. This implies that |:1:,| <z for each i, which yields
|:c| § :L+ Therefore ||Z]| < ||z [

V. NUMERICAL ANALYSIS

In this Section we first look at the trajectories of a specific
numerical example of size n = 6. Then we perform a
computational analysis of the properties of the equilibria for
a system of size n = 20.

Example 1 Consider a network of n = 6 nodes of weighted
adjacency matrix

0 01477 0 0.1698 0 0.0135
0.4242 0 0.2626 0.3621 O 0

A= 0 01889 0 0 0.2502 0.4158
1 0.4036 0.2997 0O 0 0 0

0 0 02427 0 0 0.2513
0.0301 O 0.4474 0 02787 O

which is irreducible, nonnegative and symmetrizable. Con-
sider the system (6) (and (7)) and assume that each nonlinear
function v;(x;) is given by the Boltzmann function ¢;(x;) =
in,z:’, which satisfies the assumptions (A.1)+(A.4). The
Perron-Frobenius eigenvalue of the matrix A is p(A) = 0.706

and its second largest positive eigenvalue is A,,—1(A4) = 0.515,
meaning \,_1(H;) = 0.822 or m2 = 1.216. Hence we have:

o for m < 1, £ = 0 is the only equilibrium point;

o for 7 € (1, 1.216) the only equilibria are {0, z*, 27},
with z£ = +al, see red curve in Fig. 1 (a);

o for 1 > 1.216 unstable equilibria Zo € K =
diag{—1, -1, 1, -1, 1, 1} and —Z» € —K bifurcate
from 0, see blue curve Fig. 1 (a).

When 7 grows further, new bifurcation points soon appear.
Fig. 1 (b) shows that these bifurcations are not associated
to singularities in the origin, but rather they branch out of
+7Z5. For instance choosing m = 1.838, also the condition
TAn—1(A) > Omin is satisfied. Numerical computations con-
firm the existence of at least 3 equilibria in /C, denoted Z3,
T4, Ts, which shows that more than one equilibrium can
exist per orthant. The condition presented in Theorem 7 is
satisfied for Z3, and this assures its local asymptotic stabil-
ity. Instead, T, and Z5 are unstable. This is shown in the
simulation of Fig. 1 (c). Following the reasoning introduced
in Section III-B, it is possible to observe that at 7 = 1.838
the second leftmost eigenvalue of the matrix L =A—n7A,
)\g(i) = —0.302, is negative. However, notice that even if the
necessary condition presented in Corollary 2 is satisfied, the
condition m\,,_1(A) > dmax does not hold. Fig. 2 shows the
Gersgorin’s disks and the eigenvalues of different matrices,
respectively I — Hy (when m = 1), I — mH; (when 7 > 1),
L=A-A(whenr=1),L=A-nrA (when 7 > 1).
Notice that while it is possible to determine the exact value
of \o(I — wHy) = 1 — w\,_1(Hy), it is only possible
to give a bound for the second leftmost eigenvalue of L,
ie. Omax[l — An_1(H)] < Ao(L) < Omin[l — An_1(H)] or
Smin — TAn—1(A) < Xo(L) < Omax — TAn_1(A). Finally,
observe that this eigenvalue has to be in the union of all the
Ger3gorin’s disks of L, but it is not possible to define a priori
the smallest disk that contains Ay (L).

Example 2 A network of n = 20 already has > 109 orthants,
all potentially containing equilibria of the system (7). Since,
as shown in Example 1, multiple equilibria can appear in
the same orthant, this size is already by far out of reach of
exhaustive analysis. The results shown in Fig. 3 are for a single
(nonnegative, irreducible, symmetrizable) realization A, with
edges chosen as in an Erd6s-Rényi graph (edge probability
p = 0.1) and weights drawn from a uniform distribution.
All ;(x;) are chosen equal (again Boltzmann functions). The
results appear to be robust across different realizations of A.
Panel (a) of Fig. 3 shows the number of equilibria (and, in red,
the number of orthants to which these equilibria belong) for
500 choices of 7 uniformly distributed between 1 and 20. For
7w very small no equilibrium appears, as expected. Equilibria
start to appear for values of 7 that satisfy the condition of
Theorem 6. When 7 is increased further, then the number of
equilibria rapidly grows. For each value of 7, 10* different
initial conditions were tested (we used the fsolve function
of Matlab to compute equilibria). The number of equilibria
found in this way oscillated between 500 and 600 for a broad
range of 7 values, belonging to 400-500 different orthants. As
shown in Theorem 8, for each 7 all of the equilibria have



(a)

Figure 1: Example 1. (a): Bifurcation dlagram near z = 0 for two

time, and the two locally stable equilibria zT (red curve) are created along the consensus manifold (red plane). When m = mo =

(b)

components z; and x;. When m = 1 then the origin bifurcates a first

©

A —1(H1)

a second bifurcation occurs in the origin, with two equilibria (blue curve) locally branching out along span{v:} (blue plane). (b): The
corresponding set of eigenvalues of —I + mH; (linearization in the origin) as a function of 7. The two crossings at 7 = 1 and 7w = 7o are

highlighted. (c): 100 random initial conditions converging to =™ (blue), =~

(gray), T3 (red) and —Z3 (green).

XX XX

() (b)

Figure 2: Example 1. GerSgorin’s disks and eigenvalues of (a): I —

(when m = 1). (d): A — A (when 7 > 72).

a norm which is less than the norm of the corresponding
positive/negative equilibrium, see Fig. 3(b), where the ratio
Hl‘ﬂl\l is shown. These equilibria were tested for local stability.
As shown in panel (c), most but not all of them are unstable,
with up to 7 unstable eigenvalues in the Jacobian linearization.
It is also remarkable that all stable equilibria tend to have high
norm ||Z||, i.e., they tend to be near the boundary of the ball
of radius ||z*]|| to which they have to belong, see Fig. 3(c).
Notice from Fig. 3(b) and (c) that equilibria of small norm
ratio Hlalﬂl\l’ corresponding to small values of 7, tend also to
have an equal ratio of positive and negative components: in
Fig. 3(c) the radial directions are determined by the fraction
of 4+ and — signs of an equilibrium, and the bisectrix of the
second and fourth quadrant, corresponding to 50% of + and

50% of —, is where these equilibria tend to be localized.

VI. FINAL CONSIDERATIONS AND CONCLUSIONS

In this work we have investigated the presence of fixed
points for a particular class of nonlinear interconnected
cooperative systems, where the nonlinearities are (strictly)
monotonically increasing and saturated. We have proposed
necessary and sufficient conditions on the spectrum of the
adjacency matrix of the network which are required for the
existence of multiple equilibria not contained in R’} /R™ when
the nonlinearities assume both sigmoidal and n0n51gm01dal
shapes. The stability properties of these equilibria have also

Hi (when m = 1). (b): I — wH; (when ™ > m2). (¢): L=A—-A

been investigated. Although we cannot analytically quantify
the number of such equilibria, we can locate them in the
solid disk whose radius is given by the norm of the positive
equilibrium x ™.

When interpreted in terms of collective decision-making of
agent systems, our results can be recapitulated as follows:

« For a low value of the social effort parameter 7 (i.e., for
m < 1), the agents are not committed enough to reach an
agreement;

For values of 7 between 1 and X , the agents have
the right dose of commitment to achieve an agreement
among two alternative options x+ T

For values of 7 bigger than , the agents start to
become overcommitted, Wthh can lead to other possible
decisions, depending on the initial conditions of the
system. All these extra decisions represent disagreement
situations, i..e, they do not belong to R”} or R”.

Future work includes gaining a better understanding of
the bifurcation pattern for = > ﬁ, and in presence
of “informed agents” in the sense of [1]. It is well-known
that the algebraic connectivity is strongly influenced by the
topology of the network [23]. We expect that similar arguments
apply tamquam to \,_1(H;). What remains to be checked
is whether these topological considerations are applicable to
concrete examples of collective decision-making.
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Figure 3: Example 2. Equilibria for a system (7) of size n = 20. (a): N. of equilibria (black) found on 10* trials for 500 different values
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of m, and n. of orthants to which these equilibria belong (red). (b): norm ratio
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