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Abstract— Social networks in which algorithms actively in-
fluence humans through personal recommendations are ubiqui-
tous. While opinion dynamics is an established tool to analyze
these systems, existing models typically do not capture how
individual agents process personal recommendations. In this
work, we introduce a model for personal recommendations that
is analytically tractable and consistent with the confirmation
bias phenomenon from behavioral psychology. We describe how
individuals process recommendations based on prior beliefs and
a sensitivity parameter using a Gaussian influence function.
Using this model, we analyze the effect of different recommen-
dation policies. For broadcast policies, where recommendations
are homogeneous across the agents, a bifurcation analysis
shows that the system exhibits bistability, which may result in
unintended consequences. For personally targeted policies, we
first derive optimal personal recommendations and then extend
to robust convergence when the agents’ sensitivity to personal
recommendations is uncertain. The collective behavior of the
proposed model and the derived policies are illustrated and
evaluated through numerical simulations.

I. INTRODUCTION

Personal recommendations are to a large extent generated
by algorithms that automatically curate suggestions for in-
dividual users. These automated recommendations increas-
ingly influence and shape human communities in domains
such as transportation [1], energy systems [2], and social
networks [3]. One of the central challenges in these systems
is modeling how individuals respond to such influence and
understanding how a centralized target impacts collective
behavior. In this context, personalized recommendations have
become particularly prevalent, ranging from content algo-
rithms shaping political discourse [4] to personalized dietary
suggestions [5]. Yet individuals do not passively absorb
recommendations but rather process them based on their
existing beliefs and preferences.

Opinion dynamics is an established agent-based frame-
work for modeling how beliefs evolve over social networks,
and for studying collective social phenomena emerging from
these interactions (for comprehensive tutorials and reviews,
see, e.g., [6], [7], [8], [9]). Recent applications range from
food systems [10], politics [11], and healthcare [12], to
the adoption of technologies [13], repeated decision-making
[14], and recommender systems [3]. Extending the opinion
dynamics framework, previous works taking a control per-
spective on recommendations in social networks use different
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approaches to model these interactions. Recommendations
have been modeled, for instance, as an additional strategic
agent [15], by modifying the edges of the underlying graph
topology [16], as a committed minority of stubborn agents
[17], or through agents’ interaction with a recommendation
system via clicks [3], [18], [19]. However, these approaches
typically do not model how individuals psychologically pro-
cess the recommendations they receive. This aspect is im-
portant to consider, as it affects both the analysis and design
of algorithms acting on social networks. In this work, we
address this challenge by modeling and analyzing the effect
of personal recommendations on opinions in social networks.
The proposed model draws on well-established phenomena
from behavioral psychology, in particular confirmation bias
[20], which describes the tendency of individuals to favor
opinions close to their own and to actively seek informa-
tion that supports their existing beliefs. Bounded-confidence
models, such as the Hegselmann—Krause model [21] (see
also [7] for a review), capture this effect by having agents
disregard opinions of their neighbors beyond a certain thresh-
old. However, in the original formulation by Hegselmann
and Krause [21], as well as in subsequent extensions, this
mechanism is implemented via a discontinuous interaction
rule, whose psychological justification has been questioned
[22], [23]. Instead, more realistic continuous variants of the
bounded confidence function, leading to a smooth bounded
confidence model, are introduced, for instance, in [24], [25].
In particular, [24] proposes that the influence of another
opinion is weighted by a Gaussian function with standard
deviation equal to the uncertainty of the agent.

In this work, we propose a personal recommendation
model that extends the DeGroot model of consensus [26]
to describe the influence of personal recommendation with a
Gaussian influence function (similar to the one introduced in
[24]), a nonlinear function that is analytically tractable and
consistent with the confirmation bias phenomenon described
above. We analyze the proposed model under different rec-
ommendation policies and investigate the resulting collective
behavior. Our main contributions are as follows. First, we
consider the baseline case of constant broadcast recom-
mendations towards a target and investigate the qualitative
behavior of the system relative to the recommendation value,
captured in the model by a positive parameter. This param-
eter serves as a bifurcation parameter in the analysis; we
show that, as the recommendation value increases, the sys-
tem undergoes a fold bifurcation. For low recommendation
values, the system admits a unique consensus equilibrium
point. When the recommendation value exceeds a critical
threshold, two additional consensus equilibria emerge, with



only the one farther from the recommendation target being
locally asymptotically stable, suggesting that more aggres-
sive broadcast recommendations can, in fact, be counterpro-
ductive. Second, for time-varying targeted recommendations,
we show that a greedy policy is optimal in reaching the
desired state in shortest time, and we establish convergence
to the target opinion from arbitrary initial conditions. Finally,
we extend these guarantees to the case where the agents’
sensitivity is uncertain by designing a robust policy based
on a worst-case estimate.

The remainder of the paper is organized as follows.
Section II states the model and the problem formulation.
In Section III and Section IV, we investigate broadcast
and targeted policies, respectively. A numerical example is
presented in Section V, and conclusions and future directions
in Section VI.

Notation: We denote by 1 the vector of all ones of
appropriate dimension, || - ||2 denotes the euclidean norm.
Inequalities between vectors and matrices are understood
component-wise. A matrix W = [w;;] € R™™ " is row-
stochastic if w;; > 0 for all 4,5 and W1 = 1. The Perron—
Frobenius eigenvalue of a matrix is its spectral radius, which
is its largest eigenvalue in absolute value [27]. A Schur
stable matrix has all eigenvalues strictly inside the open unit
disk. For a symmetric matrix W = W', all eigenvalues
are real, and we order them as A (W) < --- < X\, (W).
The undirected graph induced by a symmetric matrix W is
denoted G(W) = (V, £, W), where V is the set of nodes with
card(V) = n and (4,7) € £ is an edge whenever w;; > 0.
A graph G(TV) is connected if there exists an edge sequence
(4,41),- .., (ix,7) within £ between each pair of nodes in V.

II. MODEL AND PROBLEM FORMULATION

To model the opinion-forming process in a community of
n agents represented by a connected undirected graph G(W),
we consider the following class of nonlinear interconnected
systems

z(t+1) =aWz(t) + (1 — a)p(x(t), u(t)). (1)

The state vector z(t) = [z1(t) - -2, (0)]T €
X" = [-1,1]" represents the agents’ opinions,
u(t) = [ur(t) - u,(1))T € U™ := [~1,1]" represents
the recommendation, W = [w;;] € R" " is the

adjacency matrix of the network G. The scalar parameter
a € (0,1) represents a trade-off between a social
term, describing how agents interact with each other
and are influenced by the state of their neighbors,
and a term representing the personal recommendation.
For a = 1, (1) reduces to the well-known DeGroot
model [26]. Each nonlinear function ;(x;(t),u;(t)) in
Pla(),ult) = [t un(t)) - Yul@n(l), un(0)]”
describes how the recommended opinion is received by
agent 1.

In this work, we assume that the matrix W is symmetric,
row-stochastic (with a unique Perron-Frobenius eigenvalue
equal to 1). We consider the following class of nonlinear

functions ¥ (z;,u;) : X XU = X, i=1,...,n,
Vi, u;) = u; exp(—oy(wi — 23)?), z; € X,u; €U. (2)

Each nonlinear function ; characterizes how agent ¢ accepts
the recommendation w;. The choice of 1); is motivated
by phenomena from psychology describing how individuals
perceive recommendations [24]. In particular, it captures the
idea that u; = x; is a neutral recommendation that makes
agent i keep its current belief, whereas when |u; — x;| > 0
agent ¢ tends to reject the recommendation u;. Motivated by
the confirmation bias effect from psychology discussed in
Section I, the function v; decreases smoothly with increasing
distance between the recommendation u; and the actual
opinion ;. The parameter o; represents agent 7’s sensitivity
to a recommendation, i.e., a larger «; leads to a smaller
acceptance window as the influence function decays faster.
In this preliminary work, we make the following assumption:

Assumption 1: We assume the homogeneous case
ap =--- = a, =: a> 0 for the agents’ sensitivities.

The following lemma shows that the introduced model is
well-defined.

Lemma 1: The model (1) is well-posed, i.e., z(t) € X"
for all ¢ given that u(t) € U™ for all ¢ and z(0) € A™.

Proof: Suppose z(t) € X™. From W row-stochastic,
it follows that —1 < Wa(¢t) < 1. Furthermore, 0 <
exp(—a(z; — u;)?) < 150 1] < |us| < 1, thus —1 <
¥(z(t),u(t)) < 1. Combining with a € (0,1), we obtain
z(t+ 1) € X™, and the result follows by induction. [ |

Given the model (1) and Assumption 1, we want to
investigate (i) whether a consensus to a desired target opinion
xq = 1 can be reached with a time-invariant broadcast
recommendation w(t) = wul for all ¢; (i) what the opti-
mal time-varying and targeted recommendations u;(t), i =
1,...,n are, that guarantee convergence to xq = 1; and
(iii) whether robust convergence can be guaranteed for an
uncertain sensitivity o € [a™, a™].

Remark 1: In practice, it is common to assume a target
zqa € {0,1} [5], [14]. For instance, the opinion = may
represent a measurable quantity, such as meat consumption in
the context of sustainable food choices (see, e.g., [5]). In this
work, we consider z4 = 1. This also justifies the restriction
to positive recommendations u; > 0 in the analysis of
Section III.

III. TIME-INVARIANT BROADCAST RECOMMENDATIONS

We first study the case of constant recommendations. In
particular, we assume that u(t) = w1, where u is a scalar,
constant across agents and time, representing a time-invariant
broadcast strategy. The goal of the centralized recommen-
dations is to guide the collective opinion towards the target
zq = 1. It is then natural to interpret u as a recommendation
towards that target and to assume u € Uy = [0, 1]. Our goal
is to study the qualitative behavior of the nonlinear system (1)
as the recommendation u varies, effectively performing a
bifurcation analysis with u as the bifurcation parameter.
We investigate the existence and stability of the equilibrium
points of (1) (Theorems 1 and 2, respectively), and provide



an interpretation of these results in the context of social
recommendations.

The following theorem establishes the existence of consen-
sus equilibrium points for the system (1), defined as equi-
librium points in span(1). In particular, it shows that there
exists a threshold value for v above which the system (1)
exhibits a fold bifurcation (also called saddle-node or tangent
bifurcation) [28].

Theorem 1 (Existence): Assume u is constant and homo-
geneous across agents, i.e., u(t) = ul for all ¢, u € Uy.

(1) For any value of u € U, the system (1) admits a
consensus equilibrium point given by

¥ = ul. 3)

(ii) Assume that o > 2. There exists a threshold value u*
for v € Uy such that: If u < v*, * in (3) is the unique
consensus equilibrium point for the system (1). When
u crosses u*, the system undergoes a fold bifurcation
and two new consensus equilibria appear. The threshold
value u* solves the nonlinear equation

E(u*) = wre— v =g’ ))2’ 4)

=% -(5) -

Proof: First of all, it is possible to observe that the
consensus space is invariant. Let IT = %]l]lT and I —1II be
the projection operators onto the consensus space span(1)
and onto the orthogonal space span(1+), respectively. We
can decompose any vector x € X™ as x = £1 + z, where
£€=11"z € X and z € span(1+) N X" (ie., 172 = 0).
Since W is row-stochastic and W = W7, the projection of
the system (1) in the coordinates (&, z;) := (£(¢), 2(t)) can
be rewritten as

u" € (v/2/a,1]:

where £(u

(52)
(5b)

§ep1=aly + (1 - a)%]lTﬂJ(ft]l + 24, u)
zip1 = aWze + (1 — a)(I — I (&1 + 24, u)

Since the nonlinearities are identical under the assumption of
homogeneous « and u (i.e., Y1 = --- = ¥, see Appendix I),

(I — I)y(&1,u) = 0, that is, the consensus space is
invariant. Therefore, (5a) reduces to
§1 = a&y + (1 — a)p(&r, u), (6)

where, with some abuse of notation, we use ¥ (&1,u) =
(&, u)1l. The equilibrium points £* of (6) correspond to
the consensus equilibrium points of the system (1); moreover,
from (6), z = &1 € X" is a consensus equilibrium point for
the system (1) if and only if £ = (£, u).

(i) We note that £ = u is always a solution of £ = ¥(§,u),
meaning that z* = 1 is an admissible equilibrium point of
the system (1) for any value of u € U,..

(ii)) We now prove that the system (6) undergoes a fold
bifurcation at u = u*, where u* is defined in (4). The proof
follows [28, Ch. 4-5].

The 1-dimensional system (6) undergoes a fold bifurcation

at (£*,u*) if the following system of equations holds:
E=pEu) (6 =uee e
1= %(f u ) 1=2au*(u* — 5*)6704(”*,5*)2
Ph(erur) £0 | GLE ) (Ut —6) —(Eh ut)£0
et 20 | 1—2a(u” — €t 0
(7

The conditions in (7) are, respectively, the fixed-point, fold
bifurcation, nondegeneracy, and transversality conditions [28,
Theorem 4.2]. Given £* = u*e*’l(“*’f*)i the fold bifurca-
tion condition implies

1 =2a(u* —&E & 20(6%)? —20u*e* +1=0
20u* £ V4o2u*? — 8a

<~ ’ff,z(U*) = dor
u* u*\ 2 1
9 :t (7) T 2a
2 2 20

The discriminant exists when u* > 4/2/«. Among the two
possible choices, namely, £} (u*) (=) and & (u*) (+), &5 (u*)
is not admissible since it does not satisfy both the fixed-point
and fold bifurcation equations in (7). One quick way to verify
this is by observing that &5 (u*) is located to the right of the
first inflection point, i.e., & (u*) > u* — \/% Indeed

ui*_’_ (u7*>2_i>u*_i

2 7V V2a
u* 1 U 1

(7)*7>3*75
u* 2 u* 2 1

(5) a7 (7))t
U >/2

which is satisfied as it represents the condition for the

existence of the discriminant. Therefore, the unique admissi-

ble point satisfying the fixed-point condition and the fold
bifurcation condition in (7) is given by &f(u*) = %

_u
V2«

4
=

2

(“7)2 — L. Consequently, the threshold value u* solves

the nonhnear equation

€ (u*) = urem W & @))?

u* > /2/a,
for Wthh a closed-form may not be derived. Finally, observe
that 92 (€5 (w*), u") (u* — € (u*)) — (& (u),u") = u* —
27 (1) > 0, and 2a(u’ — &(u)u" = ut /€ (u) > 1
Therefore, the nondegeneracy conditions and transversality
conditions in (7) are also satisfied, which completes the
recognition problem for a fold bifurcation. [ ]
A consequence of Theorem 1 is that the system (1)
cannot admit more than three consensus equilibrium points;
moreover, it follows directly from the proof of Theorem 1
that, component-wise, each consensus equilibrium point lies
n [0,u]. We conjecture that system (1) cannot admit any
other equilibria, that is, disagreement equilibrium points of
the form = = ¢1 + 2, with z # 0 and z € span(1+) N &A™,
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Fig. 1: Bifurcation analysis of the system (1) with a constant
(and homogeneous across agents) u and o = 4. The
threshold value u* as defined in Theorem 1 is given by
u* = 0.7835. (a): Illustration of the nonlinearity projected on
the consensus space, ¥ (&, u), with £ € X, for three values
of u: w = 04, u = u*, and u = 0.9. The dashed black
line depicts the identity map & — £. When u < u*, (&, u)
and the identity intersect at a single point (orange), yielding
a unique consensus equilibrium for the system (1). At the
threshold value v = u*, the identity map is tangent to ¥ (&, u)
(blue), indicating a fold bifurcation. For v > u*, the two
curves intersect at three distinct points (green), corresponding
to three consensus equilibrium states (z* = ul, xf = {1,
and =}, = &..1). (b): Bifurcation diagram of (1) in the
consensus space. Legend: x-axis: bifurcation parameter u €
{0,0.01,...,u ., 1}. y-axis: Equilibrium points £* of the
system (6) for each value of u. Colormap: red = unstable,
black = locally asymptotically stable.

cannot exist. We leave the proof of the conjecture for future
work. Nonetheless, it can be shown that, component-wise,
each equilibrium point is upper bounded by u (Lemma 2).
Conjecture 1: Let Ly max 1= max Ly(u) =V 20~ 1/2,
uety
where L, (u) is the Lipschitz constant of ¢. If a > ayin 1=

Y, max

Lz/),max - )‘n—l(W) . .
only consensus equilibrium points.

Lemma 2: Assume u € Uy. If 2* € X" is an equilibrium

and v € U, then the system (1) admits

point of (1), then z; <wu foralli=1,...,n

Proof: Assume, by contradiction, that there exists an
index ¢ s.t. 7 > u. Let xps := max;—y, ., x; > u. By the
equilibrium condition, we have

n

whr=a Y warh + (1 — a)pa(hy, v)
j=1

< aZwij}‘V[ + (1 - a)¢M(x7VI7u)
j=1

= axyr + (1 = a)ar(zhy, u)

Since s (xh,, w) < o3, for 23, > u, it follows that x3, <
(a+1—a)xy, =z}, which yields a contradiction. [
The following theorem studies the stability of consensus
equilibrium points. In particular, Theorem 2 (i) introduces a
sufficient (and conservative) condition for the system (1) to
admit a unique and globally asymptotically stable equilib-
rium point. Theorem 2 (ii) presents local asymptotic stability
condition for all the consensus equilibrium points of the
system (1), whose existence was established in Theorem 1.
Theorem 2 (Stability): Assume u € U, is constant and
homogeneous across agents, and o > 2 Let u* be defined
as in (4), «* as in (3), and let z¥, 2, be the consensus
equilibrium points of the system (1) which arise at the fold
bifurcation.
G Ifu < a* =

*

81/2

< u*, then the equilibrium point
= ul of (1) is unique and globally exponentially
stable.

(i1) If w > w*, then the equilibrium points z* = u1 and z
are locally asymptotically stable, while z; is unstable.
Proof: (i) First, we show that u* < u*. This follows

trivially from the fact that @* < 1/2/« and that 1/2/a < u*.

Let ®(x(t)) = aWx(t) + (1 — a)¥(x(t),u), and ob-
serve that the equilibrium points of the system (1) cor-
respond to the fixed-points of ®(z). For a fixed con-
stant value of u, the Jacobian of the system (1) is given
by J(z) = aW + (1 — a)¥,(x), where V,(z) :=

diag (8::: (z1,u),..., ggﬁ (zp,u)).
and ¥, (z) is a diagonal matrix, then J(z) is also symmetric
with real eigenvalues; moreover by Weyl’s theorem [27,
Thm 4.3.1], it holds that A, ( < ar,(W) + (1 —
A (Py(z)) = a+ (1 — a) maxl o Vi (z,u) < a+ (1 —
a)Ly(u), where Ly(u) is the Lipschitz constant of the
nonlinear function ¢ (see Appendix I). Therefore, if u is
st. a+ (1 —a)Ly(u) < 1 then, according to the Banach
contraction theorem for discrete-time dynamics (see e.g. [29,
Ch. 3.4]), ® is contracting and ® has a unique, globally
exponentially equilibrium point x*, which, as per Theorem 1,
must be z* = wul. Since the Lipschitz constant of v is
given by Ly (u) = v/2aue™'/? (see Appendix I), then ® is
contracting iff @ + (1 — a)v2aue™/? < 1, that is, u < @*.

(i1) Assume u > u*. To analyze the local stability of z* =
ul, it is sufficient to observe that the Jacobian J(z*) =
aW is a Schur matrix for all v € Uy. Thus, z* is locally
asymptotically stable.

Since W is symmetric



Studying the local stability of the equilibria z},x}, €
span(1) reduces to examining the eigenvalues of the Jaco-
bian J(z) = aW +(1—a)¥,(x). Since W is symmetric and
U, (z) is diagonal, J(x) is symmetric and therefore has real
eigenvalues. Moreover, in the consensus space all derivatives
of the nonlinearities coincide; that is, ¥, (z) = %—?(f,u)[
when z = &1 (with some abuse of notation), . Hence,
it holds that A, (J(z)) = aXn(W) + (1 — a)32(¢,u) =
a+ (1 - a)%(f, u). Let xf = &1 and =, = &.1. By
construction, (,;é( u) < 1 and ‘%’( xs,u) > 1. Therefore,
the largest elgenvalues of the Jacoblan of the system (1) at
these equilibria satisfy:

0
An(J(22)) :a—&—(l—a)a—?( Tu)y<a+l—a=1
: 9
An(J(23s)) = a+ (1 - )ag (Cosru) >a+1—-a=1
Therefore, x} is locally asymptotically stable, while 7 is
unstable. [ ]

Remark 2: Observe that, for any equilibrium pair (x, u)
with z € &A™ and v € U, the smallest eigenvalue of the
Jacobian of (1) is always greater than —1. Consequently,
no eigenvalue can cross —1, and hence no flip (period-
doubling) bifurcation can occur [28]. A sketch of the proof
is as follows. By Weyl’s theorem [27, Thm 4.3.1], it holds
that A\ (J(x)) > e\ (W) + (1 — a)A\1(¥,(x)). Since
W is row-stochastic, Perron-Frobenius arguments imply
A1 (W) > —1. Moreover, by Lemma 2, any equilibrium
satisfies x; < u component-wise; by construction, this
implies (,TZ, u) > 0 given z; < u for all 7. Hence,
A (J(x)) > a/\l(W) > —a> -1

The theoretical results established in this section, illus-
trated by the bifurcation analysis shown Fig. 1, provide the
following interpretation of time-invariant broadcast recom-
mendations. When the recommendation value is low (u <
u*), at equilibrium, the distance to the target (i.e., —x*|)
remains small. However, when the recommendation value
is high (v > u*), a nontrivial collective behavior emerges.
If the initial conditions are sufficiently close to the target,
the distance between the collective opinion at equilibrium
(captured by the consensus equilibrium point z* = u1l) and
the target decreases as the recommendation increases. Other-
wise, for general initial conditions, the distance between the
collective opinion (captured by the consensus equilibrium
point z7) and the target grows with the recommendation. As
a result, maintaining a constant high broadcast recommenda-
tion can lead to worse outcomes than a strategy with a low
recommendation value.

IV. TIME-VARYING TARGETED RECOMMENDATIONS

After analyzing constant broadcast policies and their lim-
itations, we now design time-varying targeted recommenda-
tions. We first derive a greedy optimal policy, which we show
to be also globally optimal (Section IV-A). Then we extend
the analysis to a robust policy for uncertain sensitivity «
(Section IV-B).

A. Greedy targeting

The optimal targeting controller selects wu;(t), ¢ =
1,...,n, such that the agents achieve convergence to the
desired state g = 1 in the shortest time. As a first step of
the analysis, we determine how to bring the agents closer to
x4 = 1 within one timestep. We do this by maximizing the
influence term described by the nonlinearity.

Lemma 3 (Pointwise Optimal Control): For each ¢ =
1,...,n and z; € X, the function w; — ;(x;,u;) over
u; € Y is maximized at

2
xX;

t : x; 7
i (z;) —rmn{l7 g+ + 2{}} (8)

Proof: Setting 2 a = exp(—a(u; —x;)?)(1—20m; (u; —
xz)) = 0 yields 2cu? —2axzul—1 = 0 with roots u; 1 = % —

2
Tf—i—% and u; 2 = G + f-ﬁ-%. Since u;1 < 0 <
wi2 and ©;(z;,u;2) > 0 > );(24,u;,1), the unconstrained
maximum is at u; o. From ¢(x;, u) — 0 for z; fixed and u —
+o0, we see that u; 2 > 0 > —1 is the global maximum and
;(z;,-) is increasing on (u; 1,u;2) between the extrema.
Thus, constraining to U gives (8). [ |
With the resulting optimal input (8), we define the
influence from the optimal recommendation ™ (z;) :=
¥i(x;,ui™(2;)) and show that it is monotonically increasing.
Lemma 4 (Monotonicity of Optimal Response): {;* -
X = [0,1], i=1,...,n, ¥ () := iz, u™ (z;)) is
strictly increasing.
Proof: Let x’ be the threshold where the constraint
activates. In the unconstrained region (z; < z'), the (‘(p)lpti-

mality condition 1 — 2w 1(u;1 — x;) = 0 gives e =
exp(—a(z; — u;1)?) > 0, with u;; from Lemma 3. In the
constrained region (z; > '), PP (2:) = exp(—a(z; — 1)?),
% = 2a(1 — ;) exp(—a(z; —1)?) > 0 for ; < 1.

|

Remark 3: When deriving an optimal controller, we usu-
ally also consider the control effort through a cost of the
input. Since here we interpret the control input as a recom-
mendation, e.g., which content to show in a recommender
system, there is no motivation for a cost on the input when
deriving the optimal controller.

Now we analyze what happens when we apply the greedy
one-step policy (8) repeatedly. We show that the greedy
policy is optimal for any monotone objective function c.

Theorem 3 (Greedy Optimality for Monotone Objectives):
Let the cost ¢ : R” — R be monotonically increasing (i.e.,
x < y component-wise = c(x) < ¢(y)). Then, the
greedy policy w(t) = u®(x(t)) defined in (8) solves
max,(o),....u(r—1) ¢(x (1)) subject to (1).

Proof: We show the greedy trajectory x’(¢) dominates
any other trajectory x(¢) component-wise for all ¢, by in-
duction. The base case is immediate (z’(0) = z(0)). For the
inductive step, assuming 2’(t) > «(t) and knowing w;; > 0
implies Wz'(t) > Wx(t).

By Lemma 3, z/zom( (1)) > i(xi(t), u;) for any u; € U
and Lemma 4, ;™ (z}(t)) > w ( i(t)) since @' (t) > z(t).
Together this gives wl(x;(t), Pt () > il (), ui(t)).

hence



Since each term in the convex combination z'(¢+1) dom-
inates the corresponding in z(¢ + 1), we obtain z’'(¢t + 1) >
z(t + 1). Monotonicity of ¢ then gives ¢(z'(T")) > ¢(x(T)).

|

This result directly yields that the greedy policy (8)
minimizes the distance to the objective x4 = 1.

Corollary 1 (Greedy Optimality): The greedy policy (8)
minimizes ||z(T) — 1]3.

Proof: c(x) = —||lz—1||3 = — 3, (z;—1)? is monotone
increasing on X" since 22~ (—(z; — 1)?) = 2(1 — z;) > 0.
The result follows directly from Theorem 3. [ ]

As a last step in the analysis of the targeted policies, the
following theorem establishes convergence to x4 = 1 from
any initial condition x € X"™.

Theorem 4 (Convergence to Target): Under the greedy
policy (8), z(t) — x4 = 1 for t — oo from any z(0) € X™.

Proof: Since ;(z;,x;) = x; and v = z; does not
meet the optimality condition 1 — 2au(u — z;) = 0, the
maximizer must satisfy uS" (x;) # ; (for z; # 1). We obtain
the inequality

PP () > @y for all z; € [—1,1). )
Define m(t) := min;x;(t). Since W is row-stochastic,
>~ wijz;(t) > m(t). Combined with (9), we obtain z;(t +
1> am(t) + (1 - a)p(a;()) > am(t) + (1 - a)m(t) =
m(t) whenever z;(t) < 1. Since this holds for all i (and
trivially if z;(t) = 1), we obtain

m(t+1) > am(t) + (1 — a)p™® (m(t)) > m(t)

for m(t) < 1.

Since {m(t)} is strictly increasing and bounded above
by 1, it converges to some m* < 1. Taking the limit in (10)
and using the continuity of ¥°" yields m* > am* + (1 —
a)yPP(m*), i.e., m* > P (m*). By (9), this is impossible
unless m* = 1. Hence min; z,;(t) — 1 as ¢ — oo, which
implies z(t) - 1 = x4 as t — oo. [ |

In summary, we have shown that for the time-varying
targeting case, a greedy strategy is optimal and yields con-
vergence of the trajectories of (1) to the desired state xgq.
Since this policy only depends on the state of the individual
agent, it would be possible to implement these personal
recommendations in a distributed way, i.e., everyone that can
observe the state of an individual z; and knows the sensitivity
o can give optimal recommendations. This means that the
recommendations can be given by distributed actors that only
need to communicate global parameters (here «) rather than
a centralized instance with full knowledge of the system. In
the next section, we will provide robust recommendations
for the case of uncertain sensitivity.

(10)

B. Robust greedy policy

The sensitivity « describes how large the acceptance
window for recommendations is: a smaller « leads to a
larger acceptance window and thus to a more aggressive
optimal recommendation u°". Suppose « is only known
to lie in an interval [, a™], with 0 < o= < at. We
show that designing the greedy controller with & = at

guarantees convergence for any true value of the sensitivity
Qtrue € [, a].
Theorem 5 (Robust Convergence): Let qirye € [0, 7]
be unknown. Under the greedy controller designed with & =
T
a™,ie.,

. €T; x? 1
ugpt(g;i) :mln{l, 2Z—|—\/4l+2a+}; (11)

the system (1) converges to zq = 1 from any z(0) € X™.
Proof: Denote by u(x;) (1) be the optimal input

(influence function) calculated with «. By the proof of

Theorem 4, it suffices to verify ;" (z5,u®" (2;)) > 4

for all z; € [—1,1). Since ague < a™,

’ > e_o‘+(u?+ —ai)?

e—oztme(u?-'— —x;)
and with uf‘+ > 0 we have 9" (x;, uf‘+) > 1/);’+ (s, uf‘+ )-
By Lemma 3, uf‘+ maximizes ¢¢ (z;,-), and since u{ #
x; for x; < 1, we have 1/1?+(:ci,ui) > w?+(zi,zi) = ;.
The result follows from Theorem 4. [ ]

The choice & = o' assumes the narrowest acceptance
window for recommendations and any e < ot only
makes agents more receptive to recommendations than as-
sumed by the robust policy. Conversely, choosing & < a™
may fail because the controller recommends u; too far from
x;. The trade-off for guaranteeing robust convergence is
slower convergence when i, < a7, since the controller
is more conservative than necessary.

V. NUMERICAL EXAMPLE

The numerical example in this section highlights the
theoretical findings presented in Sections III and IV. We
consider a connected graph G with n = 20 agents where the
edges and their weights are drawn randomly, see Fig. 3. The
parameters of the model (1) are a = 0.5 and z(0) uniformly
drawn from X". The goal is for the recommendations to
steer the opinions towards zq = 1.

Fig. 2 shows two experiments performed on the same
underlying social network. In Fig. 2a we compare the ho-
mogeneous broadcast to the greedy policy (8). This example
shows that the initial opinions have to be sufficiently biased
for the broadcast recommendation to achieve convergence
to z* = wul (as detailed in Section III). For smaller u =
0.5 < u* the system converges to * = ul. Due to the
fold bifurcation behavior (see Theorems 1 and 2), a large
u (here v = 0.9 > u*) can lead to different equilibrium
points (compare the red and dashed red lines), depending on
the initial condition: The agents can move in the opposite
direction of what is recommended. In contrast, the greedy
policy derived in Lemma 3 ensures convergence by giving
optimal personal recommendations to each agent in the
network. In Fig. 2b, we analyze the robust version of the
greedy policy for an uncertain sensitivity « (Theorem 5).
The robust & = o leads to slower convergence than perfect
estimation & = ay,e. However, choosing & too small (here
& = a7) can prevent the system from converging to xq.
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Fig. 2: Mean state Z(t) = 1/n >, z;(t) for different closed-loop trajectories. The controller should steer the state towards
zq = 1. (a) Comparison of the homogeneous broadcast (blue and red trajectories) with the greedy policy (8) (green
trajectory). (b) Robust version of the greedy policy for airye € [, ™| = [3,10] and ciyye = 7.

VI. CONCLUSION

This work addressed the issue of personal recommen-
dations in social networks. We proposed a nonlinear in-
terconnected model characterized by a smooth nonlinear
Gaussian influence function, consistent with effects from
behavioral psychology, that describes how agents process
recommendations. We analyzed our model under broadcast
and targeted policies. In the broadcast scenario, our bifurca-
tion analysis shows that, depending on the initial opinions,
it is not always possible to reach the desired target of
the recommendations. We further designed optimal personal
(targeted) recommendations and provided results for robust
convergence when the agents’ sensitivities are uncertain. Our
model is analytically tractable and can serve as a foundation
for analyzing personal recommendations.

In future work, we plan to extend the model to heteroge-
neous sensitivities a;; and weighting of the social term a;, as
well as realistic opinion-forming processes that capture, for
instance, the agents’ biases and stubbornness.

APPENDIX [
PROPERTIES OF THE NONLINEAR FUNCTION

We collect some properties of the nonlinearity v; =
Yi(x;,u;) in system (1). The first and second derivatives
are given by

gf: (i, ui) = 20 (u; — xi)efa(uﬁwi)z
2,y
’ 1@@ (@i, us) = 20 (—1 + 2a(u; — 3;)?)e”(wme)"
O0x;
The Lipschitz constant is given by Ly (u;) = v2ae™ /2 u;.

Assume that wu; is fixed, ie., u; = u* € U. Then
Y;(x;,u*) has a maximum value equal to u* at x; = u®*,

Fig. 3: Connected graph G(W) with n = 20 considered in the
numerical example. An edge exists with probability p = 0.2

and with edge weight from a uniform distribution normalized
such that W1 = 1.

ie., ¥;(u*,u*) = u* and g—f;(ul*,u*) = 0. The inflection
points are given by x; = u* £ NoTE corresponding to

1 1
(U £ ——,u*) =ute" 2
vl V2a )
[ 1 _1
8¢( == ,u') = FV2ae 2 u
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